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Abstract

Causal effect estimation seeks to determine the impact of an intervention from
observational data. However, the existing causal inference literature primarily
addresses treatment effects on frequently occurring events. But what if we
are interested in estimating the effects of a policy intervention whose benefits,
while potentially important, can only be observed and measured in rare yet
impactful events, such as extreme climate events? The standard causal inference
methodology is not designed for this type of inference since the events of interest
may be scarce in the observed data and some degree of extrapolation is necessary.
Extreme Value Theory (EVT) provides methodologies for analyzing statistical
phenomena in such extreme regimes. We introduce a novel framework for
assessing treatment effects in extreme data to capture the causal effect at the
occurrence of rare events of interest. In particular, we employ the theory of
multivariate regular variation to model extremities. We develop a consistent
estimator for extreme treatment effects and present a rigorous non-asymptotic
analysis of its performance. We illustrate the performance of our estimator using

both synthetic and semi-synthetic data.

1 Introduction

We are interested in studying the effect of treatment e.g., different policies and drugs, on

rare yet impactful events such as large wildfires, hurricanes, tsunamis and climate change.
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These kinds of events happen at an extremely low frequency, but they can cause considerable
damage to properties and pose serious threats to people’s lives. For instance, we may want
to know the effect of more infrastructure investment or other kinds of precautions policies on
earthquakes. In many applications — from financial risk to environmental policy — it isn’t
enough to know how a treatment changes the average outcome; decision-makers care about
whether it alters the extreme tail. More formally, we may want to estimate the effect of
treatment D on outcome Y conditioning on some extreme events. Estimating this kind of
effect can help policymakers evaluate the impact of a policy and choose the best policy to
reduce economic loss and save more lives when disasters happen.

Remark (notation). D € {0, 1} denotes the treatment indicator. In Lemma A.1: In the proof’s
expansions f(t) = OBt P11+ D(1—1/8)t " +o(t1)) and F(t) = CtP(1+ Dt 1 +o(t ™)),
D denotes a fixed expansion coefficient rather than the treatment indicator. Y is the observed
outcome satisfying consistency Y = Y (D), where Y (d) denotes the potential outcome when
treatment is set to d.

Despite its clear importance, existing methods fall into two largely disconnected strands,
each of which cannot fully address this question. One approach comes from the causal
inference literature. Causal inference provide a comprehensive framework for counterfactual
reasoning. Causal effect estimation is an important problem in this area, which finds wide
applications in healthcare, education, business decision-making, and policy evaluation. Classic
causal inference literature mainly focuses on estimating the average effects among certain
groups. Little attention is paid to the causal effect on rare events. The scarcity of extreme
data makes inference more challenging than in classic settings. As a result, naively applying
classic causal inference estimation methods will produce poor results with large statistical
error. For example, when making policies about earthquakes, we are usually unable to see
a strong signal from historical data, as large earthquakes rarely occur and there are fewer
samples in the dataset.

On the other hand, the Extreme Value Theory (EVT) studies the tail behaviors for
statistical distributions, which provides the ideal tools for analyzing rare events. However,
this approach does not take the data structure into consideration. In particular, it does not
accommodate counterfactual treatments or adjust for covariates, so it cannot tell us what
would happen under an intervention.

To bridge these gaps, we combine causal inference theory with EVT to provide a novel



framework for extreme effect measurement. Following researches in EVT Coles et al. [2001],
we use a multivariate regularly varying variable U to model extremity. The rare event can
be modeled by the event {||U|| > t} for large t. Our proposed estimand can be viewed as
the Average Treatment Effect (ATE) conditioning on {||U]| > ¢} with rescaling as ¢ increases
to infinity. Detailed definition and explanation can be found in Section 3. Estimation is
challenging because the limiting tail distribution is unknown and must be inferred from finite
samples. To improve data efficiency and inference accuracy, we combine tail observations
with moderate-frequency data in an extrapolation scheme, leveraging EVT insights alongside
causal-inference techniques to achieve efficient estimation.
Remark (notation). U denotes the extreme-noise vector in R%, with ||U|| = ||U|]; throughout
the treatment-effect analysis. In Lemma A.1, Lemma A.2: Assumption 3.4 specifies the
noise law L(U), with U = AZ and m = d, in the component density. In Theorem 3.5,
Lemma A.3: Assumption 3.4 specifies the noise law L(U), with U = AZ and m = d, in the
component density. ¢t > 0 is the level defining the strict exceedance event {||U||; > t}, except
when it is the argument of a scalar function in a tail calculation. In Proposition 3.3: t is a
deterministic limit parameter tending to infinity. In Theorem 3.5, Lemma A.2, Lemma A.3:
The finite-threshold analysis uses a fixed deterministic ¢. In Corollary 3.6, Corollary A.4:
The selected threshold is t = t,,, with c_nOm) <t < c+n’”"(%), where 0 < ¢ < ¢y < 00 are
deterministic and independent of n and the observed sample. Here x(v) = (1 — 2s)v when
s € (0,1/(2+max{1,5})), and k(v) = v/(1 +2min{l,v}) when s € [1/(2+ max{1, 5}),1/2).
The threshold-indexed nuisance and conditional-moment conditions hold jointly for every
deterministic ¢ € I,, = [(c_/2)n*"), 2c,n*M]. In Lemma A.2: The bound concerns sufficiently
large t > 1, subject to nm > 16log(4/0), where m; = P(||U]|| > t). In Lemma A.3: The bound
concerns sufficiently large ¢ > 1, subject to nm > 16log(4/d), where m = P(||U]| > t). In
Theorem 3.5: The main bounds concern deterministic ¢ > ¢y, subject to nm; > 16log(12/4),
where m, = P(||U|| > t); the additional simplified bounds also require ¢ > exp(1) and
alogt <1, where a = R,(n,0/12).

To the best of our knowledge, we are not aware of any work in the literature that considers
this problem. In this paper, we take the first step to measure the treatment effect on extreme

events. To be more specific, our contributions can be summarized as follows.

1. We propose a measure for the treatment effect on rare events named Normalized Extreme



Treatment Effect (NETE), which essentially measures the magnitude of treatment on

tailed events.

2. We develop two consistent estimators for NETE—a doubly robust (DR) estimator and
an inverse propensity weighting (IPW) estimator—by combining recent advances in
multivariate tail-dependence estimation Zhang et al. [2023] with double machine learning
methodology Chernozhukov et al. [2018|, and derive finite-sample, non-asymptotic error

bounds.

3. Synthetic and semi-synthetic experiments demonstrate a good practical performance
of our proposed estimator as compared to baseline estimators adapted from standard

causal inference literature.

Related Work We briefly review some relevant literature in EVT and causal inference.
Coles et al. [2001] provides a comprehensive introduction to EVT. A large amount of work
focuses on the univariate setting Davison and Smith [1990], Leadbetter [1991], Pickands III
[1975], Smith [1989]. Recently, there have been many recent works on the multivariate
generalization of these results Avella-Medina et al. [2022], Zhang et al. [2023|. Causal effect
estimation is a classical problem in causal inference [Rubin, 1974]. Common estimators
include IPW [Rosenbaum and Rubin, 1983], DR methods [Bang and Robins, 2005, Kang
and Schafer, 2007, Chernozhukov et al., 2016, 2017, 2018|, Targeted Maximum Likelihood
Estimation (TMLE) [van der Laan and Rubin, 2006]. There have been some efforts in the
literature trying to combine the two research areas. Gissibl and Kliippelberg [2018] considers
a special kind of Structural Causal Model (SCM) and shows that the proposed SCM is a
kind of max-linear model. They also analyze the asymptotic distribution of their model.
Chernozhukov and Du [2006], Chernozhukov and Fernandez-Val [2011], Zhang [2018], Deuber
et al. [2024] consider the task of estimating the extreme Quantile Treatment Effect (QTE).
The other line of work Gnecco et al. [2021], Mhalla et al. [2020], Bodik et al. [2023] uses
EVT to help causal discovery. However, we want to point out that the problems these works
consider are quite different from our setting. The most similar setting would be extreme QTE
estimation Chernozhukov and Du [2006], Chernozhukov and Fernandez-Val [2011], Zhang
[2018], Deuber et al. [2024], but the QTE still cannot capture on how the expectation of the

outcome changes under intervention.



2 Preliminary

Causal Inference. We use the potential outcome framework Rubin [1974] in this paper.
Let X, D,Y be the covariate, binary treatment and outcome, respectively. We denote Y (d)
to be the potential outcome when the treatment is set to be d and assume consistency i.e.,

Y (D) =Y throughout the paper. The Average Treatment Effect (ATE) is defined as
ATE =E[Y (1) —Y(0)].

The ATE measures the effect of a treatment on the outcome Y. In the policy-making
example, D is an indicator of whether to use the policy or not. X is a covariate that
may influence D, like the geographic features of a place, which will influence the local
government’s decision on policies, and Y can be the economic loss. The ATE in this case
provides information about how much loss can be saved if a policy is enforced. Under the
following exogeneity and overlap assumptions, the ATE can be identified using the g-formula
E[E[Y|X,D =1] - E[Y|X, D = 0]].

Remark (notation). X € X denotes the covariate in the potential-outcome model. In
Proposition 3.3, Theorem 3.5, Lemma A.2, Lemma A.3, Corollary 3.6, Corollary A.4: ||.X||; <
R, so the covariate takes values in Bg. In Lemma A.2, Corollary 3.6, Corollary A.4:
In n = [Ex[g(X,1,s) — g(X,0,s)] S(ds), Ex integrates with respect to the population
marginal law of X, rather than an empirical covariate distribution. Y (d) denotes the
potential outcome under intervention d € {0, 1}, with consistency Y (D) = Y throughout.
In Proposition 3.3: For both d € {0,1}, E[Y'(d) | X,U, D] = E[Y(d) | X, U] almost surely,
and E[|Y(d)| | |[U]] > t] < oo for all sufficiently large ¢. d denotes the dimension in
U € R% and in sphere notation; when used as the treatment argument in Y(d), f(z,d, u),
or g(x,d,u), it is a locally bound treatment value in {0,1}. In Theorem 3.5, Lemma A.1,
Lemma A.2, Lemma A.3, Corollary 3.6, Corollary A.4: m > d > 2. e(t) is a deterministic,
nonnegative uniform approximation-error bound in the asymptotic homogeneous property,
allowing e(t) = 0 and tending to zero as t — oo. In Proposition 3.3, Lemma A.2: The bound
|f(z,d,ru)/r* — g(x,d,u)| < e(r) holds for both d € {0, 1} and every r > 0, uniformly over
x € B and u € R% with [julj; = 1. In Theorem 3.5, Lemma A.3, Corollary 3.6, Corollary A.4:
The bound |f(z,d,ru)/r* — g(x,d,u)| < e(r) holds for both d € {0,1} and every r > 0,

uniformly over # € Bp and v € R% with |lu[; = 1. In Lemma A.2, Lemma A.3: The



approximation-error envelope used in the bound is &(t) = sup,>; e(r), and G, = C + &(t); no
equality é(t) = e(t) is assumed. In Theorem 3.5: The approximation-error envelope used
in the bound is é(t) = sup,-, e(r), and Gy = C + é(t); no equality &(t) = e(t) is assumed.
In Corollary 3.6, Corollary A.4: The approximation-error envelope used in the bound is

é(t) = sup,, e(r), evaluated at the selected threshold ¢,; no equality é(t) = e(t) is assumed.
Assumption 2.1 (Exogeneity). The data generation process satisfies (Y(1),Y(0)) L D | X.
Besides, the following overlap assumption is also often needed for non-asymptotic analysis.

Assumption 2.2 (Overlap). There exists constant ¢ € (0,1/2) such that the estimated
propensity p(z) € [¢,1 —¢|, Vx € X.

Remark. In Assumption 2.2 the overlap constant ¢ € (0,1/2) is one deterministic constant: it
does not depend on the sample size n, on the sample, or on the threshold ¢.

Remark (notation). ¢ denotes a deterministic positive constant whose identity and additional
restrictions are supplied by its local definition. In Proposition 3.3, Theorem 3.5, Lemma A.1,
Lemma A.2, Lemma A.3: In the regular-variation definition, ¢ > 0 is the mass multiplier in
cvg x S, independently of any overlap constant. In Theorem 3.5, Lemma A.2, Lemma A.3:
In the overlap assumption, ¢ € (0,1/2) bounds the estimated propensity uniformly by
¢ < p(z) <1—c. In Corollary 3.6, Corollary A.4: In the regular-variation definition, ¢ > 0
is the mass multiplier in cvg x S, independently of the overlap constant; in the overlap
assumption and the error bounds containing 1/¢, ¢ € (0,1/2) satisfies ¢ < p(z) < 1 —¢
for every x € X'. The constants ¢y, ¢a, ¢, are separate symbols. p is the sample-dependent
estimator of the propensity function fitted using the first half D; of the split sample by
regression of D on X, with p(z) € [¢,1 — ¢] for every x € X; the fitted function is fixed
conditional on the training split and all randomness used in fitting. In Lemma A.2: p'is
measurable with respect to D; and independent auxiliary data; its error inequality holds
jointly with the regression and exponent inequalities with probability at least 1 — e, uniformly
almost surely over the covariate support, for each tolerance €. In Corollary 3.6, Corollary A.4:
D is measurable with respect to the training split and independent auxiliary data 7, and is
the same fitted function for every input threshold. With probability at least 1 — 6/6, jointly
for every t € I,, = [{y,u,], its inequality |p(x) — p(z)| < R,(n/2,6/6) holds together with

the regression and exponent inequalities, simultaneously almost surely over the covariate



and conditional direction support and both treatments. The additional estimation-rate
condition is R,(n,d) = O(log(1/6)n~2). In Theorem 3.5: p is measurable with respect
to the training split and independent auxiliary data T; for each fixed t and € € (0, 1), its
inequality [p(X)—p(X)| < R,(n,¢e) holds jointly with the regression and exponent inequalities
on one 7T -measurable event of probability at least 1 — ¢, simultaneously almost surely over
the covariate support, the conditional direction support and both treatments. In Lemma A.3:
D is measurable with respect to the training split and independent auxiliary data 7; its error
inequality holds jointly with the regression and exponent inequalities with probability at least
1 — &, uniformly almost surely over the covariate support, for each tolerance ¢.

This assumption ensures that there is no extremely high or low propensity, which can
make estimators unstable. This assumption can be easily achieved by clipping the estimated

propensity at some threshold, i.e., setting propensity to be max{min{p(X), 1 — ¢}, c}.

Extreme Value Theory. The study of extremity is mainly concerned about the tail
behaviors of heavy-tailed distributions, which are often modeled by the regularly vary-
ing distributions. In this paper, we modeled extremity by multivariate regularly varying

distributions.

Definition 2.3. A random variable U € R is called regularly varying with index 3 € (0, co)
if for any norm || - || in R and positive unit sphere St = {z € R : ||z|| = 1}, there exists a
probability measure S(-) on ST and a sequence b,, — oo such that n P((||U||/b., U/||U]|) €
) = c-vg x S for some constant ¢ > 0, where - x - is the product measure and v ([r, 00)) = r~#

for all » > 0.

Remark. For each norm, there exist S, b, — oo, and ¢ > 0 such that, for every a > 0, the
polar measures n P((||U||/b,, U/||U]|) € -) restricted to [a, 00] x ST converge weakly as finite
measures to the corresponding restriction of cvg x S.

Remark (notation). B € (0,00) is the population regular-variation index of the extreme-noise
law, with radial limiting measure satisfying v5([r,00)) = r=# for r > 0. As a spectral measure,
S is the population probability measure on S = {u € R% : ||ul| = 1} in the regular-variation
limit, equivalently the limiting law of U/||U|| conditional on ||U|| > t as t — oo, with the ¢,
norm used after the notation convention. b, is a deterministic positive sequence on the index

domain of its local definition. In Proposition 3.3, Lemma A.1, Lemma A.2, Lemma A.3: In



the inherited regular-variation definition, b,,, n > 1, is chosen for the law of U and the chosen
norm, tends to infinity, and satisfies nP((||U||/bn, U/||U]|) € -) = cvg x S. In Theorem 3.5: In
(log((48/68)logn)/n)*/3, 0<pB<1,
@» and the radial estimation bound, b, = Cs/6 | (logn log((48/9)logn)/n)'/3, B =1,
(log((48/9)logn)/n)/C+8) B> 1.
For fixed ¢ and the fixed noise law this is a deterministic error-bound sequence tending to
zero, defined for sufficiently large n. The inherited regular-variation definition separately
uses a normalizing sequence tending to infinity. In Corollary 3.6, Corollary A.4: In the radial
(log((48/9) logn)/n)/3, 0<p<1,
estimation bound and the term |a|b,,, b, = Cs/6 | (logn log((48/0) logn)/n)Y/3, B =1,

(log((48/8)logn)/n)Y/ A B> 1.

For each fixed 0 € (0,1/2) and fixed noise law, this is a deterministic error-bound sequence
tending to zero, used for sufficiently large even n. The inherited regular-variation definition
separately uses a normalizing sequence tending to infinity. n is the size of the full input
dataset D = {(X;, D;,Y;, U;) }iy, before its split into two equal halves; when used as the
argument of an estimation-error function, it denotes that function’s sample-size argument. In
Lemma A.1: n is the integer size of the full input sample whose radii are ordered, with n > 2
for the definition of H,,(k); for each fixed § € (0, 1) there is a deterministic ny such that the
deviation bound holds with probability at least 1 — § under the sample-size-n law for every
integer n > ng. In Theorem 3.5, Lemma A.2, Lemma A.3, Corollary 3.6, Corollary A.4: The
full-input sample size n is a positive even integer, with |D;| = |Ds| = n/2; this restriction does
not restrict a generic sample-size argument of an estimation-error function to even integers.
In Corollary 3.6, Corollary A.4: For each fixed § € (0,1/2), the probability guarantee holds
separately under the sample-size-n law for every sufficiently large even n.

The parameter v = 1/ is called the Extreme Value Index (EVI), which characterizes
the decay rate of the tail. Notice that this definition implies that as b, — oo, the norm of
and ||U]| and its angle U/||U|| become asymptotically independent. We will leverage this fact
for estimation in later sections. A typical example of regularly varying distributions is the

Pareto distribution.

Definition 2.4. The density of a Pareto (type II) distribution with index 5 € (0, 00) is
f(x) =B +z)~B+H) vo > 0.



Remark (notation). f denotes a population function with its domain and meaning determined
by its local definition, rather than an estimated regression function. In Proposition 3.3,
Theorem 3.5, Lemma A.2, Lemma A.3: In the extreme-effect model and its decompositions,
f is the real-valued population conditional-mean function satisfying f(X,D,U) = E[Y |
X, D, U], whose pointwise values f(x,d, u) are those appearing in the asymptotic homogeneous
property. In Corollary 3.6, Corollary A.4: In the extreme-effect model and its decompositions,
f is the real-valued population conditional-mean function satisfying f(X,D,U) = E[Y |
X, D, U], whose pointwise values f(x,d,u) appear in the asymptotic homogeneous property.

Definition 2.3 implies that the rescaled norm of a regularly varying variable is asymptoti-
cally a Pareto distribution.

Notations. In the rest of the paper, we use ||-|| and || - ||; as a shorthand for ¢;-norm. We
use the asymptotic order notation o(-), O(-) and O(-). We use E[-] to represent expectation.
For a matrix A, we denote A.; to be its i-th column. Unif([a, b]) is the uniform distribution
on interval [a, b] and Ber(p) is the Bernoulli distribution with expectation p.

Remark (notation). p(z) = P(D = 1| X = x) is the population propensity function on
X, distinct from its fitted estimate p(x). In Lemma A.3: 0 < p(X) < 1 almost surely;
this does not impose a uniform positive lower bound on p or 1 — p. In Theorem 3.5,
Corollary 3.6, Corollary A.4: 0 < p(X) < 1 almost surely; this does not impose a uniform
positive lower bound on p or 1 — p. In Lemma A.l: In the proof’s rate derivation for
B # 1, p=min{l,1/5} is a fixed scalar exponent used in the choice of ky and the resulting
convergence rate, rather than the propensity function. In Lemma A.2: 0 < p(X) < 1
almost surely; this does not impose a uniform positive lower bound on p or 1 — p. In
Proposition 3.3: 0 < p(X) < 1 almost surely for the population propensity; this does not
impose a uniform positive lower bound on p or 1 — p. In the proof’s uniform-integrability
argument when o > 0, the locally chosen p > 1 with pa < g is a fixed scalar moment
exponent in |G(Sy)(Ry/t)*|P and (Ry /t)P*. i is a locally bound integer index whose range is
supplied by the expression in which it occurs. In Lemma A.1: In R; = ||U;|l1, ¢ € {1,...,n}
indexes the full input sample; in the adaptive comparison, i € {L,, ..., k} and the compared
statistic is H, (i) =i~ Z;Zl log(Ry;)/Rji+11)- In Theorem 3.5, Corollary 3.6, Corollary A.4,
Lemma A.2, Lemma A.3: In n; = Z?ﬁ I(||Ui]| > t), i € {1,...,n/2} indexes the training

observations, indexed first after the random split.



3 Treatment Effect on Extreme Events

3.1 Extreme Semi-parametric Inference

While standard causal estimands capture average effects of D on Y, they obscure what happens
in the tails—i.e., when rare, high-impact events occur. To address this, we model rare events
with an explicit noise term U. The data we consider is of the form {(X;, D;,Y;, U;)} Y|, where
X, D, and Y are as defined in Section 2, and U is an independent extreme noise vector. We
use ||U|| to model the severity of rare events—large norms indicate more extreme realizations.
For example, in a hurricane-loss application, U might be the vector of maximum wind speed,
rainfall, and storm surge; X the region’s location; D the level of infrastructure investment;
and Y the resulting economic loss.

Remark (notation). X; € X is the covariate coordinate of the ith sampled tuple (X;, D;, Y;, U;),
indexed by ¢« = 1,..., N in the model and ¢ = 1,...,n in the estimation notation. In
Proposition 3.3, Theorem 3.5, Lemma A.2, Lemma A.3, Corollary 3.6, Corollary A.4: X;
takes values in Bpg, so || X;||1 < R, under the bounded-covariate assumption. In Theorem 3.5,
Corollary 3.6, Corollary A.4: After the random equal split, X; is the covariate coordinate
of a training observation for 1 < i < n/2 and of an evaluation observation for n/2 < i <n.
D; € {0,1} is the observed-treatment coordinate of the ith sampled tuple (X;, D;,Y;, U,),
indexed by ¢« = 1,..., N in the model and 7 = 1,...,n in the estimation notation. In
Theorem 3.5, Corollary 3.6, Corollary A.4: After the random equal split, D; is the treatment
coordinate of a training observation for 1 < i < n/2 and of an evaluation observation for
n/2 <1 <mn.Y; is the observed-outcome coordinate of the ith sampled tuple (X;, D;,Y;, U;),
indexed by ¢« = 1,..., N in the model and ¢ = 1,...,n in the estimation notation. In
Theorem 3.5, Corollary 3.6, Corollary A.4: After the random equal split, Y; is the observed-
outcome coordinate of a training observation for 1 < ¢ < n/2 and of an evaluation observation
for n/2 < i < n. U; denotes the extreme-noise vector of the observation with local sample
index 7. In Theorem 3.5, Corollary 3.6, Corollary A.4, Lemma A.2, Lemma A.3: In the
training count n; = Z?:/ *I(|Ui|| > t), U; belongs to the training split, whose observations
are indexed first after the random split. In Lemma A.1: R; = ||U;]|; for i € {1,...,n} uses
every full-input observation, without restriction to a split or exceedance set.

In what follows, we introduce a novel estimand that quantifies the causal effect of D on

10



Y specifically in the tail region defined by large ||U]|. We then establish conditions for its
identification under multivariate regular variation and propose two consistent estimators. We

will make the following i.i.d. assumption.

Assumption 3.1. The random variables {(X;, D;,Y;, U;)}¥; are i.i.d.. Furthermore, U is
regularly varying and is independent of X, D.

Remark. U L (X, D).
We are interested in the effect of treatment on the tail events of U. Similar to ATE, a
naive definition of the extreme treatment effect would be

OFTE = lim E[Y (1) — Y (0) | |U]|| > 1], (3.1)

t—o0

which is simply ATE conditioning on large ||U||. However, in the case of extreme effects,
the outcome may be unbounded due to the presence of extreme noise. As t increases to
infinity, this effect may increase to infinity, making this quantity meaningless. Considering
the climate change example, it is possible that dramatic climate change will damage or even
destroy human societies, causing the effects of some policies to explode even though the
policy can effectively reduce losses and slow down the process. Fortunately, regularly varying
distributions have the nice property that as ¢ increases to infinity, ||U||/t | ||U]|| > t converges
weakly to the Pareto distribution (See Definition 2.3). Inspired by this property, we can
normalize the quantity Y (1) — Y (0) | ||U|| > t by its growth rate. To characterize the growth

of this quantity, we introduce the following polynomial growth assumption.

Assumption 3.2 (Asymptotic Homogeneous Property). We assume that the covariate X
is bounded, i.e. [|X]| < R. Let f(X,D,U) = E[Y | X,D,U]. There exists a L-Lipschitz
continuous function g(x,d,u) and a function e(t) : R™ — R* that satisfies lim; ,, e(t) =0
and

f(x,d, tu)

i —g(z,d,u)| <e(t), Vo € Bg, u € 54"

Remark. || X7 < R almost surely. The homogeneity inequality holds for every d € {0,1} and
every t > 0, uniformly over € Br = {z : ||z]i < R} and u € S* ! = {u € RL : ||ul; = 1},
with g being L-Lipschitz on this domain under the /; norm convention. f is a fixed measurable
version satisfying f(X, D,U) = E[Y | X, D, U] almost surely, and this same version is used

in Assumption 3.2.
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Remark (notation). « € R is the fixed population homogeneity exponent governing the
normalization f(z,d,tu)/t® and the definition of ONFTE; it is distinct from the supplied
approximation a,. In Proposition 3.3, Theorem 3.5, Corollary 3.6, Lemma A.2, Lemma A.3,
Corollary A.4: o < . R is the fixed covariate bound in ||X||; < R, except where explicitly
rebound as a local radial variable. In Lemma A.1: In the proof, R = ||U||; is the generic
radial random variable; fr, Fr, and Fp refer to its density, distribution function, and survival
function. This local R is distinct from the covariate bound. ¢(z,d,u) is the population
asymptotic normalized conditional-mean function, given by g(x,d,u) = lim; ., f(x,d, tu)/t*
on its covariate, treatment, and direction domain. In Proposition 3.3, Lemma A.2: The
homogeneity inequality |f(x,d, tu)/t* — g(x,d, u)| < e(t) holds for every d € {0, 1} and every
t > 0, uniformly over x € Bg and u € R% with |Jul; = 1; g is L-Lipschitz on this domain. In
Lemma A.3: The homogeneity inequality |f(x,d, tu)/t* — g(x,d,u)| < e(t) holds for every
d € {0,1} and every ¢ > 0, uniformly over z € By and u € R? with ||ul|; = 1; g is L-Lipschitz
on this domain.

This assumption characterizes the growth of the outcome with respect to the extreme
noise. In many real-world examples, this assumption is satisfied. For instance, research
show that landslide volume often follows a power-law relationship with rainfall intensity
Tuganishuri et al. [2024]; the economic loss caused by hurricanes scales polynomially with
the maximum wind speed Zhai and Jiang [2014]. In these cases, f grows polynomially with
respect to |U]| and e(t) = 0 exactly. We define the Normalized Extreme Treatment Effect
(NETE) as

ONETE = 1im E Yi) = ¥(0) U >t , (3.2)

t—00 te

where « is a known index in 77 3.2 from prior knowledge. Note that the previous definition (3.1)
is a special case of (3.2) when o = 0. The intuition for the scaling factor ¢* is that under 77 3.2,
E[Y (d)] is of the order O(||U||*) and (3.2) is of the order O(E[(||U]||/t)* | |U]| > t]), which is
finite if @ < 8. (3.2) implies that for a large threshold ¢, we have E[Y (1) — Y (0)] ~ t*gNETE,
Therefore, NETE measures the influence of treatment on the susceptibility of outcome with
respect to extreme noise U.

We want to remark that NETE naturally sits at the nexus of two well-studied strands
of work, tail-conditional expectations in EVT, and average effects or distributional shifts at

extreme quantiles, e.g., ATE, CATE and QTE. NETE can be understood as a causal analogue
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of EVT quantity E[Z/t | Z > t], where Z is a regularly varying variable. It generalizes ATE
to the setting of extreme events and aligns with the growth rate given by EVT.

Remark (notation). Z denotes the random variable specified by its local definition: an
illustrative regularly varying scalar, a nonnegative component vector in U = AZ or a scalar
truncated evaluation score. In Corollary 3.6, Corollary A.4: Z € Riz is the random component
vector with £(Z) € Mk for a positive integer k in the population representation U = AZ; the
approximation condition does not assert independence of its components. In Theorem 3.5,
Lemma A.1: Z € R% is the random component vector with £(Z) € M, for a positive integer
k in the population representation U = AZ; the approximation condition does not assert
independence of its components. In Lemma A.2: In the tail-model assumption, Z € Rflf
is the component vector with £(Z) € M, for a positive integer k, without an assertion of
component independence. In the proof’s conditional sampling argument, the local definition
Z = ¢YI{|yy| < B} denotes a scalar truncated evaluation score under the law conditional on 7
and Ry > t; Z; are its evaluation realizations. In Lemma A.3: In the tail-model assumption,
S Ri" is the component vector with £(Z) € M, for a positive integer k, without an
assertion of component independence. In the proof’s conditional sampling argument, the
local definition Z = ¢I{|¢| < B} denotes a scalar truncated evaluation score under the law

conditional on 7 and Ry > t; Z; are its evaluation realizations.

3.2 Extreme Effect Identification and Estimation

The estimand (3.2) is designed to measure the treatment effect under extreme events, i.e.,
extremely large ||U||. In practice, there may only be a small fraction of extreme samples
in the dataset, which creates difficulties for statistical inference. To efficiently estimate the
NETE, we leverage the asymptotic independence property of regularly varying variables (See

Definition 2.3) to derive a novel identification formula. In particular, we have the following
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decomposition.

Y(1)-Y [f(X,1 — f(X
lim E w”“]”” ~ lIm E (X, ’U)taf( ’O’U)|||U||>t] (3.3)
T o t
. [ U\
- i & s 10710 - gcx0.0/100) - (K1) oy >

(3.4)

where we use Assumption 3.2 in the third equality. We can prove that the above quantity

equals to
lim Elg(X. 1,U/[U]) ~ g(X.0.U/|U]) | [U]| > ] - lim E[U]*/e% | [U] > 1]

The first factor measures the average effect of treatment across different directions, while the
second factor only depends on the norm of the extreme noise, which can be estimated via
standard techniques in extreme value theory. We summarize the identification formula in the

following proposition.

Proposition 3.3 (Identification). Suppose that U is multivariate reqularly varying and
Assumption 2.1, 3.1, 3.2 hold. Suppose in addition that « < 3, 0 < p(X) < 1 almost
surely, and, for d € {0,1}, E[Y(d) | X,U, D] = E[Y(d) | X,U] almost surely. Suppose that
E[|Y ()| | U] > t] < oo for both treatments and all sufficiently large t. Then we have

ONTE — tim Elg(X, 1,U/|U]) — g(X.0.U/|U) | U] > 4] - lim {7 /e | |07 > 1)

Remark. The homogeneity inequality holds for every d € {0,1} and every radius ¢ > 0,
uniformly over z € By and u € RY with |Jul; = 1. Y/(D) =Y almost surely throughout the
paper.

Proposition 3.3 separates the estimation of NETE into two parts, the expectation of the
spectral measure and the index estimation, which facilitates the estimation. While in theory
naive identification (3.3) works as well, we found that in practice (3.3) performs poorly (See
Section 4 for empirical experiments). One reason is that without properly scaling, the (3.3)
suffers from exploding ||U||, causing larger estimation errors.

Remark (notation). § is a fixed confidence tolerance in (0, 1), used in probability guarantees

of the form 1 — 4 and in the adaptive Hill tuning rule. In Lemma A.1: For each fixed 6 € (0, 1)

14



there is a deterministic ny such that, for every integer n > ng, the bound has probability at least
1 — ¢ under the law of the sample of size n; ng and Cs may depend on ¢. In Theorem 3.5: § €
(0,1/2). In Corollary 3.6, Corollary A.4: For each fixed § € (0,1/2), the probability guarantee
holds separately under the sample-size-n law for every sufficiently large even n; the sample-size
requirement may depend on 4. The full-input Hill selection uses tolerance §/6. 7,, denotes a
sample EVI estimate computed from ordered ¢; radii; the displayed definition in Algorithm 1
is ¥, = k! Z?Zllog(HU(j)\|/HU(j+1)||) on the evaluation exceedances, with the displayed
adaptive choice of k. In Theorem 3.5, Corollary 3.6, Corollary A.4, Lemma A.2, Lemma A.3:
The full-input convention is 7, = 75,, = Hn(%n) at tolerance §/6. Here Ry > --- > Ry, order
all input radii, H, (k) = k™ Z§=1 log(Rpj/Riqqy) for 1 <k <n—1, and Ky, is the maximum
k€ {L,,...,n— 1} satisfying |H, (i) — H, (k)| < H,(i)pn(0/6)/\/i for every i € {L,, ..., k},
using the displayed tuning definitions for L, and p,. [, is the deterministic integer lower
endpoint of the adaptive Hill candidate range, with 1 <[, < n wherever that range is used.
In Theorem 3.5, Corollary 3.6, Lemma A.2, Lemma A.3, Corollary A.4: The algorithm’s
lower candidate index is [, = min{n — 1, [100logn|} = L,, for n > 2, and its candidate range
is {l,,...,n — 1}. k is context-dependent: in adaptive Hill estimation it is a locally bound
integer candidate or the data-dependent selected integer, in M = (J;=, M}, it is a locally
bound positive integer model-class index, and in an angular logarithmic factor it is a fixed
nonnegative real exponent distinct from both indices. In Lemma A.1: k in H, (k) is a candidate
integer with 1 < k < n — 1. The selected index is k, = max{k € {L,,...,n— 1} : |H,(i) —
H, (k)| < H,(i)pn(6)/Vi for every i € {L,,...,k}}, where L, = min{n — 1, [100logn]};
H,, uses all n input radii. In Theorem 3.5: The selected radial index is ky = max{k €
{Lpy..on — 1} o |Hu(3) — Hy (k)| < H,(i)pa(6/6)/+/i for every i € {L,,...,k}}, where
L, = min{n —1,[100logn|} and H, uses all n input radii. In Lemma A.2, Lemma A.3: The
radial step uses all n input radii and selects &k = max{q € {l,,,...,n — 1} : [7(1) = 7(¢)| <
(i), (8) /v for every i € {l,,...,q}}, with [, = min{n — 1, [100logn]}. In Corollary 3.6,
Corollary A.4: The selected radial index is k, = max{k € {Ln,...,n—1} : |H,(i)— H,(k)| <
H,(i)p,(0/6)/+/i for every i € {L,,...,k}}, where L, = min{n — 1,[100logn]} and H,
uses all n input radii. In Lemma A.2, Lemma A.3, Theorem 3.5, Corollary 3.6, Corollary A.4:
In the angular bound Wi (L}, 1, Lojju) < Cw (log )t ™mth8 4 Gyt =Fo/0729) 1 > 0 s
a fixed exponent supplied by the angular assumption, independent of the Hill selection;

the same exponent appears in the corresponding factor (logn)*. r, is a deterministic
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positive tolerance function of the confidence argument 4, indexed by the integer sample
size n, rather than an estimated quantity. In Theorem 3.5, Corollary 3.6, Lemma A.2,
Lemma A.3, Corollary A.4: For a confidence argument ¢ € (0,1), the algorithm uses
Jo =1+ [logn/10g 2], gu(e) = log(4Jn/e) and 14(e) = 16{21/q.(€) + 4u(e)/VIn} = pule),
where I, = L, = min{n — 1,[100logn|}. 7; is the common-denominator Hill statistic
computed from all n input radii ordered as [|[Uq)|| > -+ > [|[Ug||, for integers 1 <i <n —1
with positive reference radius ||U;41)||. In Theorem 3.5: The candidate indexed Hill statistics
in the radial selection are H, (i) =i 22:1 log(Ryj1/ Rjit1]), computed from all n input radii,
with 1 <i < n—1; the selection compares candidates i € {L,,...,k} for k € {L,,...,n—1}
at tolerance 0/6. In Corollary 3.6, Corollary A.4: The candidate indexed Hill statistics
are H,(i) =i! Z;Zl log(Ryj1/ Rjit11), computed from all n input radii, with 1 <i <n —1;
the selection compares candidates i € {L,,...,k} for k € {L,,...,n — 1} at tolerance /6.
ln = (1 — @,7,) "' is the sample plug-in estimate of the limiting radial moment (1 — ay)™!,
defined when 1 — @,7, # 0. In Theorem 3.5, Corollary 3.6, Corollary A.4: ji, = 0 when
1 —a,7, =0, and fi,, = (1 — @,7,) "' otherwise. U;, denotes a noise observation ranked by
decreasing ¢; norm within the collection used by the radial step; only its norm is used, and it
is defined only for ranks present in that collection. In Theorem 3.5: The radial output uses
all n input radii R; = ||U;[|1, ordered as Ry > -+ > Ry, and is 7, = 7,. Thus the radial
ranks refer to the full input rather than to {U; : i € Z}. In Lemma A.2, Lemma A.3: U
is ranked within all n input noise observations, with ||U|| > -+ > [|[Upy||; it is defined for
j €{1,...,n}. The radial step uses this full-input collection. In Corollary 3.6, Corollary A.4:
The radial output uses all n input radii R; = ||U;||:, ordered as Ry > -+ > Ry, with the
full-input Hill selection run at tolerance §/6. Thus the radial ranks refer to the full input
rather than to {U; : i € T}. @\ff,iimator denotes the sample estimator computed from the
supplied inputs and split dataset, with nuisance functions fitted on D;, the score average
computed using the exceedances in D, and the radial factor computed using all n input radii,
with fi, = 0 when 1 — @,%, = 0. In Lemma A.2: The score factor 7, ;" is set to zero when
M = |Z] = 0. In Lemma A.3: The score factor 7, ," is set to zero when M = |Z| = 0. In
Theorem 3.5: The radial estimate uses 7, = 7,, computed from all input radii by the adaptive
Hill selection at tolerance ¢/6; each score factor is set to zero when M = |Z| =0, and i, =0
when |1 — @,7,| = 0. In Corollary 3.6, Corollary A.4: The estimator is evaluated at the

selected threshold t,,, using the same 7T-measurable nuisance functions p, g and exponent a,
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for every input threshold; its radial estimate uses the full-input Hill selection at tolerance
d/6, and its first-factor estimate is zero when there are no evaluation exceedances.

Inspired by this decomposition, we estimate the two factors separately. We summarize our
estimators in Algorithm 1. To make our framework more flexible, we allow an approximate
scaling exponential &, as input in Algorithm 1. @,, can be obtained from some prior knowledge
or via other heuristics. For the first factor, we design two estimators, the Inverse Propensity
Weighting (IPW) and the Doubly Robust (DR) estimators. To derive the estimators, we
first randomly split the data into equal halves and use the first half for nuisance estimation,
i.e., propensity and outcome. We use the first half of data to regress (X, D,U/|U||) on
Y/||U||% to get (normalized) pseudo-outcome g and regress X on D to get an estimation of
the propensity function p. Then, we use the second half for estimation. The IPW and DR
estimators are defined in (3.5) and (3.6), respectively.

Notice that the second factor is the a-moment of the random variable ||U||/t | ||U]| > ¢,
which converges weakly to a Pareto distribution as ¢ increases to infinity. Therefore, this
quantity equals to the & moment of a standard Pareto 1/(1 — ay) and the problem can be
reduced to estimating the EVI of an asymptotic Pareto distribution. Here, we use the adaptive
Hill estimator in (3.7) from Boucheron and Thomas [2015], which provide a data-driven
method for choosing the threshold. Putting the two estimations together, we get our estimator

of the NETE é\ﬁ,t = T,,.+ * Hn, Where the superscript - can be DR or IPW.

3.3 Non-asymptotic Analysis

Up to now we have worked under very mild regular variation and asymptotic homogeneity
conditions, which suffice to prove the consistency of our two-step estimator in the limit
n,t — oco. However, to obtain non—-asymptotic, finite-sample deviation bounds for both the
spectral-measure term and the tail-index term, we must invoke a more structured tail model.
In particular, existing results such as those in Zhang et al. [2023| rely on the fact that, beyond
regular variation, the noise vector behaves exactly like a (possibly linearly transformed) Pareto
distribution. Although this is admittedly stronger than mere second-order regular variation,
it is at present the only framework in which we can directly apply sharp concentration
inequalities and Wasserstein-distance bounds for spectral-measure estimation. We therefore

make the following Pareto-type assumption.
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Assumption 3.4. We assume that the distribution of U comes from the following class of

models

where My, ={L(U) :U=AZ, Ac A, L(Z) € Mk}, with m = d, denoting the number

of components of Z. The set of possible distributions for the components Z is

7 admits a (Lebesgue) density h(z) in R%

M, = h(z)—B™ [17, (14z)~(F+D B
M= T (e | S SR VR

h(z) X H?il(l —+ Zi)*(ﬁJrl)if ||Z||1 > Ck%

and the set of possible matrices A is
A= {A € R | <min||A,|; < max||A,; <uand JA > 0} ,
(2 1

where JA = \/det(ATA). Throughout, we assume the constants satisfy m >d > 2,0 <[ <
l<u,0<s<1/2,0>0,0<¢<1,and ¢ > 0.

Remark. For each component law in Mk, there exists one constant C} > 0, independent of z,
such that h(z) = Oy [T, (1 + 2)~ ¥+ whenever |z]|; > (k12975

Remark (notation). In the representation U = AZ, A is a nonnegative d, X d, matrix. In
Theorem 3.5, Lemma A.1, Lemma A.2, Lemma A.3: A € A is a fixed matrix specifying the
population representation U = AZ, rather than an estimated matrix or a matrix redrawn for
each observation. In Corollary 3.6, Corollary A.4: A € A is a fixed matrix specifying the
population representation U = AZ, rather than an estimated matrix or a matrix redrawn for
each observation. M, x is a fixed population class of component laws indexed by k € {1,2,...},
with fixed 8 > 0,0 < s <1/2,0< ¢ <1, and { > 0; its joint-density conditions do not assert
independence of the components. In Theorem 3.5, Lemma A.1, Lemma A.2, Lemma A.3:
m = d, in the defining density conditions, so the nominal density is 3% Hfil(l + 2;) "B+
and every component product ranges over i € {1,...,d,}. In Corollary 3.6, Corollary A.4:
m = d, in the defining density conditions, so the nominal density is 3% Hfil(l + ;)" (B+D)
and every component product ranges over ¢ € {1,...,d.}. A is the fixed population matrix
class, with column indices ¢ € {1,...,d,} and fixed constants 0 <! <1 < w and o > 0. M}
is a fixed population distribution class indexed by k € {1,2,...}, rather than by the sample
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size or a selected Hill order statistic. In Theorem 3.5, Lemma A.1, Lemma A.2, Lemma A.3:
M, ={LU):U=AZ Ac A, L(Z) € Mk}, the class concerns the noise law, with m = d,
in the component density. M denotes the object specified by its local definition, either a
class of probability laws or an observed exceedance count. In Lemma A.1: M = [J;—, My
is a class of noise laws, with M, = {L(U) : U = AZ, A€ A, L(Z) € My} and m = d, in
the component density. In Lemma A.2: In the score bound and the zero-count convention,
M = |Z] is the realized second-half evaluation exceedance count. The tail-model assumption
separately concerns the noise law £(U), with m = d, in its component density. In Theorem 3.5:
In the sampling terms, count bound and zero-count convention, M = |Z| is the realized
second-half evaluation exceedance count. In the inherited tail-model definition, M = (J;—, M
separately denotes the class of noise laws, with component dimension m = d,. In Lemma A.3:
In the score bound and zero-count convention, M = |Z| is the realized second-half evaluation
exceedance count. The tail-model assumption separately concerns the noise law L£(U), with
m = d, in its component density. In the tail model, s € (0,1/2) is a fixed model constant
governing both the density error £€k~* and the exact-tail threshold (k~29)/8 In Lemma A.2:
In ml(z,s), Sy = s, s = Ex[g(X,1,s) — g(X,0,s)], and [Ex[g(X,1,s) — ¢(X,0,s)] S(ds),
s € ST ={u e R : ||lull; =1} is an angular argument or bound integration variable. In
t=Bs/(1=25) "5 retains its scalar tail-model meaning. In Corollary 3.6, Corollary A.4: s is the
scalar tail-model constant in the threshold exponent and the two item restrictions: the first
item assumes 0 < s < 1/(2+max{1, 8}), and the second assumes 1/(2+max{1,8}) < s < 1/2.
In Lemma A.3: In the proof’s ml(z,s) and s — Ex[g(X,1,s) — ¢(X,0,s)], s € ST ={u €
R? : |lufl; = 1} is an angular argument, distinct from the scalar tail-model constant. In
Proposition 3.3: In the proof’s G(s) = Ex[g(X,1,s) — g(X,0,s)], h(r,s) = G(s)r*, and
[ G(s)S(ds), s € ST = {u € R : ||Jull; = 1} is an angular argument or bound integration
variable. ¢ > 0 is a fixed model constant imposing JA = \/m > ¢ on matrices in
A. £ €(0,1) is a fixed model constant bounding the relative density approximation error
by £k7%. ( > 0 is a fixed constant in the tail-model class: for each class index k, the exact
proportional-density region is ||z||; > ¢k(1—29)/5.

This assumption states that the extreme variable is a linear transformation of an ap-
proximate Pareto distribution. The parameter s measures how close Z is to a standard
multivariate Pareto distribution. A small s means the distribution is far from Pareto. With

these assumptions, we are ready to state our main theorem, which give a non-asymptotic
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rate to our estimand.

Theorem 3.5. Suppose that Assumption 2.1, 2.2, 3.1, 3.2, 3./ hold, o < 3, where o and
B are defined in 7?7 3.2 and 7?7 3.4 respectively. Suppose in addition that the conditions
of Proposition 5.3 hold. Suppose that the fitted propensity, regression and exponent are
measurable with respect to the training split and independent auxiliary data, denoted together
by T, and that E[|Y/||U||%| | T, ||U]|| > t] < oo on each joint nuisance event. Furthermore,
for any fixed t, with probability at least 1 — 6,

Ip(X) = P(X)| < Ry(n, ), [an — af < Ra(n,9),
EN/NUN X, D, U/||UNL U > 8] = g(X, D, U/[UNDI S By, 0),

where ny = Z?ﬁ I(J|JU;|| > t) and Ry, Ry, R, are estimation errors that are monotonically
decreasing with respect to sample size. Fiz § € (0,1/2) and a deterministic threshold t. Run
the adaptive Hill selection in Algorithm 1 at tolerance §/6, and write its full-input output as
Yn = Yn- Put m = P(|U|| > t), M = |I|, &(t) = sup,>,e(r), and G, = C + &(t), where C
bounds |g| on its compact domain. Use zero for each first-factor estimate when M = 0. For a

generic evaluation observation put Sy = U/||U|| and define

wDRZE(XvLSU)_/g\(X?OaSU)
DopxX) [ Y
0 — (X)) (IIUIIa" 9x. D, SU)) ’

grw_ Y (D - 1—D)
CIulE \pX)  1=p(X) )

For each q € {DR,IPW}, choose B, > 0 using only T, and put

v (By) = E[(W")*I{[v"| < Bg} | T, Ul > 1],
bi(By) = B[ I{[0*] > Bg} | T, Ul > t],

1207(B,) 12
q __ t q -~ ad
S = dmax{M, 1} * (1 3 ) bi(By).

Fiz ag € (0, ) and put
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4
B—ap’
A, = 2LCyw ((logt)ke min{la} 4 y=fs/(1=29))

a= Ru(n,0/12), K =

2
Epr = SPR + ERp(n/Q, §/12)R,(ns, 6/12)
2G
+2e(t) + A, + Tt(ta — 1+ Kat®),

2
Erw =SV + %RP(R/Q, §/12)

2G
+2e(t) + A, + Tt(t“ — 1+ Kat?).

Suppose moreover, as in Lemma A.2, that the angular Wasserstein term satisfies the
bound that Proposition 3.1 of Zhang et al. [2023] gives for this Pareto-type model, which is
taken from that work and not proved here: there are constants Cy, > 0, k>0 and tyy > 1

such that
W1 (£§J/||U||7 EU/”U”) S CW(IOg t)kt_ min{l,ﬂ} —|— th_ﬁs/(l_QS) (t Z tw)

These are the constants Cy, and k in the angular term A; above. Let

( 1/3
<1og((48/nc5) logn)> | 0<B<1,
1/3
by = Cijo <logn log((iS/(S) logn) -1
<log((48/7;5) logn))l/(%rﬂ)’ Bl

where Csjg 18 the constant supplied by Lemma A.1. Define

v=1/p, h=1—-ay>0,
Qn = a(y +bn) +lafbn,  dn=[1 = a7,
Q./(hdy,), d, >0,
1/h, d, = 0.

Use Algorithm 1’s convention [, = 0 when d,, = 0. For sufficiently large n and t > ty, if
a < ay and nm > 161og(12/0), then, with probability at least 1 — 0, we have M > nm;/4 and

H, =

0% — ONETE| < |10 |Epr + [1]Ha,s
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and
O — N8| < |l Erpw + [0,
where n = lim,_, o E[g(X, 1, U/||U||) — g(X,0,U/||U||) | |U|| > r]. If moreover, for a
constant V < oo independent of n,t,6 and every g € {DR,IPW}, E[(v9)? | T,||U|| > ]| <V
on the joint nuisance event, t > exp(1), alogt < 1 and Q, < h/2, then on the same joint

success event of probability at least 1 — d we also have

[V
6% — gNETE| < C( —+ R,(n/2,5/12)Ry(ns, 6/12)
t

(3.8)
+e(t) + A + Ro(n,d/12) logt + bn> :
B - 775 < 05+ Byn2.0/12)
e (3.9)

+eée(t) + A + Ro(n,0/12) logt + bn) :
where C does not depend on n,t,8, and m, < t=7 makes the first term of order \/V /5 t?/?n=1/2.

Remark. In Algorithm 1 the outputs are given a value on every sample by convention: when
the index set Z is empty the averages defining 7} "V and 7, are taken to be 0, and a Hill
statistic whose reference radius ||U41)|| is O is taken to be 0. These conventions concern
events the results exclude: the bounds are stated on events where |Z| > 1, and the radii
are positive almost surely. The equal split uses n € 2N. For each fixed ¢ and tolerance
e € (0,1), the three nuisance inequalities, with 6 = &, hold on one T-measurable event
of probability at least 1 — ¢, simultaneously almost surely over the covariate support, the
conditional direction support and both treatments. The count n, = Z?:/ 21(|U]| > t) is the
training-split exceedance count, with the training observations indexed first after the random
split. The existential cutoff ¢y, is chosen sufficiently large for Lemmas A.2 and A.3 and so
that sup,,,, e(r) <1 and P(||U[| > tr)/P(|U|| > t) < 4777 for every t >ty and r > 1. For
each fixed ¢ and tolerance ¢ € (0, 1), the three nuisance inequalities, with § = ¢, hold on
one 7T -measurable event of probability at least 1 — ¢, simultaneously almost surely over the
covariate support, the conditional direction support and both treatments, where 7T consists of

the training split and independent auxiliary data. The training indices are chosen uniformly

22



from the subsets of {1,...,n} of size n/2, independently of the sampled observations; the
remaining indices form D.

Remark (notation). n, is the observed number of threshold exceedances in the designated half
of the sample, with the half and strictness of the threshold determined by its local definition.
In Theorem 3.5, Lemma A.2, Lemma A.3, Corollary 3.6, Corollary A.4: n, = Zfﬁ I(|Ui]] > ¢)
is the realized training-split exceedance count for positive even n, taking values in {0, ...,n/2};
it is distinct from the evaluation count |Z| and from its expectation nP(|U|| > t)/2. R,(n,0)
is a deterministic positive error-bound function, monotonically decreasing in its sample-size
argument, used in the high-probability inequality |p(X) — p(X)| < R,(n,d). In Corollary 3.6,
Corollary A.4: Ry(n,e) = O(log(1/e)n"/2). On one joint nuisance event of probability at
least 1—4d/6, the three nuisance inequalities hold simultaneously for every ¢ € I,,, almost surely
over the covariate and conditional direction support and both treatments; the propensity
inequality is [p(z) — p(x)| < R,(n/2,0/6), using the same fitted propensity for every input
threshold. In Theorem 3.5: For each fixed ¢ and tolerance ¢ € (0,1), the three nuisance
inequalities hold on one 7 -measurable event of probability at least 1 — e, simultaneously
almost surely over the covariate support, conditional direction support and both treatments.
The displayed propensity inequality uses R,(n, €); the training-split propensity bound entering
the final error bounds uses R,(n/2,¢). In Lemma A.2, Lemma A.3: For each tolerance ¢, the
nuisance inequalities hold jointly with probability at least 1 — &, uniformly almost surely over
the covariate and direction support and both treatments. The training-split propensity bound
used in the proof is [p(x) —p(x)| < R,y(n/2,¢). Ry(q,0) is a nonnegative regression-error bound
function, nonincreasing in its sample-size argument ¢, for estimating the conditional mean of
Y/||U||* given (X, D,U/||U||) and |U|| > t; evaluation at ¢ = n; uses the observed tail count.
In Corollary 3.6, Corollary A.4: R,(n,d) = O(log(1/6)n"1/2). On one joint nuisance event of
probability at least 1—0/6, simultaneously for every ¢t € I,,, |m}(x,v)—g(z,d,v)| < Ry(n:,0/6)
almost surely over the covariate and conditional direction support and both treatments, where
my(z,v) = EY/|U|* | X = 2,D = d,U/||U|| = v, |U]| > #] and n, = S22 I(|U]| > t)
is the training-split exceedance count. In Lemma A.2: For each tolerance ¢ € (0, 1), the
bound R,(n:, ) applies uniformly almost surely over the covariate and direction support and
both treatments, on the joint nuisance event of probability at least 1 — ¢; its sample-size
argument n, is the training-split exceedance count, distinct from M = |Z|. For positive even

n, its domain includes every ¢ € {0,1,...,n/2}, including ¢ = 0. In Theorem 3.5: For each
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fixed ¢ and tolerance € € (0, 1), the regression-error bound R,(n, <) holds together with
the propensity and exponent inequalities on one T-measurable event of probability at least
1 — &, simultaneously almost surely over the covariate support, conditional direction support,
and both treatments; n, = Z?:/ 2I(|Ui|| > t) is the training-split exceedance count, with
training observations indexed first after the random split. In Lemma A.3: For each tolerance
e, Ry(ny,e) applies uniformly almost surely over the covariate and direction support and both
treatments on the joint nuisance event of probability at least 1 — e; n, is the training-split
exceedance count, distinct from M = |Z|. Its sample-size domain includes every possible
training exceedance count ¢ € {0,1,...,n/2}, including ¢ = 0. R,(n,0) is a deterministic
positive error-bound function, monotonically decreasing in its sample-size argument, used
in the high-probability inequality |@, — a] < R,(n,0). In Corollary 3.6, Corollary A.4:
Ru(n,d) = O(log(1/d)n ) for some ¢, > 0. 5,35 is the sample estimator formed by
multiplying the split-sample normalized DR first-factor estimate by i, = (1 — @,%,) ",
wherever that denominator and the first-factor estimate are defined. In Corollary 3.6: The
estimator is evaluated at t,, = ©(n=2%7") in the first item and ¢, = ©(n¥+/(0+2min{l A}y i
the second item, with deterministic positive order constants independent of n and the sample.
The fitted p, g, and @, are measurable with respect to the training split and independent
auxiliary data 7 and are the same functions and exponent for every input threshold. The
Hill estimate 7,, uses all n input radii at tolerance §/6. Use 773{‘ = 0 when there are no
evaluation exceedances and ji,, = 0 when 1 — @,,7,, = 0. In Theorem 3.5: The threshold ¢ is
deterministic, the fitted propensity, regression, and exponent are measurable with respect
to the training split and independent auxiliary data 7, and 7,, = 7,, is computed from all n
input radii at tolerance 0/6; use 7} = 0 when M = 0 and fi, = 0 when 1 — @5, = 0. /Q\L?tw
is the split-sample product 7, " i,,, using p fitted on Dy, the supplied exponent &,, and the
normalized IPW score averaged over evaluation exceedances in Dy, with [, = (1 — @,Y,) !
wherever the average and reciprocal are defined. In Corollary A.4: The estimator is evaluated
at t,, = O(n(1=2)%) in the first item and t,, = ©(n7»/(1+2min{1 71} in the second item, with
deterministic positive order constants independent of n and the sample. The fitted p, g, and
Q, are measurable with respect to the training split and independent auxiliary data 7 and
are the same functions and exponent for every input threshold. The Hill estimate 7, uses
~PW

all n input radii at tolerance §/6. Use 7, = 0 when there are no evaluation exceedances

and 1, = 0 when 1 — @,7,, = 0. In Theorem 3.5: The threshold ¢ is deterministic, the fitted
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propensity, regression, and exponent are measurable with respect to the training split and
independent auxiliary data 7, and 7,, = 7, is computed from all n input radii at tolerance
6/6; use 7" =0 when M =0 and /i, = 0 when 1 — @,7, = 0.

The error bound (3.6) consist of the nuisance error /R,(n/2,8)Ry(n:,d), variance
t#/2n=1/2 EVI estimation error log(1/8)n""/®+#) « error R, (n,d) and bias terms ¢~ ™n{l5} 4
t=9s/(0=25) 1 ¢(t). Similar pattern holds for (3.9). Given this general result, we choose the

threshold ¢ in a data-driven way to obtain a better rate. The idea is to use the estimated
index to balance the bias and variance terms in (3.8) and (3.9). The following corollary gives

the convergence rate in two different regimes.

Corollary 3.6. Under the assumptions of Theorem 3.5, further suppose that

Ry(n,8) = ©(log(1/8)n~"%),  Ry(n,8) = ©log(1/8)n~""?),

Ra(n,6) = O(log(1/6)n")
for some c, > 0. Suppose in addition that the conditions of Proposition 3.5 hold. Let T
consist of the training split and independent auxiliary data. Suppose that p, g and &, are

T -measurable and are the same functions and exponent for every input threshold. Write
Ry = ||\U|l, Sy =U/|U|l, y=1/8, m =P(Ry > t), and

mh(z,v) =E[Y/RY | X =x,D =d, Sy =v, Ry > t].

In each case below, let k be the exponent function specified in that case. Use fixed constants
0 <c. <cyp < oo in the threshold order, so that c_nfOn) <. < c+n“(%), and define the

deterministic band

l, = (c_/2)n”(7), Up = 2¢,n" ), I, = [0, uy).

Suppose that with probability at least 1 — §/6, jointly for every t € I,,,

|a, — a| < Ry(n,0/6),
p(z) = pl)| < Rp(n/2,0/6),
|mfi(l‘7 U) - /g\(l'7 d7 U)| S Rg(nt7 6/6))
simultaneously almost surely over the covariate and conditional direction support and both

treatments, where ny = E?ﬁ I(||Ui|| > t) is the training exceedance count. On this same

25



event suppose that the fitted-exponent pseudo-outcome has finite conditional absolute mean

for every t € I,, and that, for a constant V < oo independent of n and t,

E[W? | T,Ry >t]| <V (tel,),

where

- o D - p(X) Y
¥ =9(X,1,Sy) —9(X,0,5) + PX)(1 - p(X)) (R?f”

Set the first-factor estimate to zero if there are no evaluation exceedances. Run the

— §(X,D7SU)) .

full-input Hill selection of Algorithm 1 at tolerance 6/6, and put

(/log((48/6)1 13
(e}
1/3
by = Cijo <logn log((iS/(S) logn) Cp-1
(lelss/Diogm) ™
| n

with the constant supplied by Lemma A.1. Define

é(t) = supe(r).

r>t
Then, for each fized 6 € (0,1/2) and every sufficiently large even n, the following
conclusions hold. Here k > 0 s the exponent of the logarithm in the angular assumption of
Theorem 3.5, taken from Proposition 3.1 of Zhang et al. [2023]; under that assumption the

angular term at the threshold t, is of the order shown, up to this power of logn.

1. If s € (0,1/(2 + max{1, 8})), take t, = O(n1=27) and put x(v) = (1 — 2s)v. With
probability at least 1 — 9, we have

]@\ii — GNETE| — O(\/V_/(Fn_s + log%(6/8)n =1/
+ &(t,) + (logn)*n™* + n~ " log nlog(6/8) + |a|by).

2. If s € [1/(2 + max{1, 8}),1/2), take t,, = O(n)»/AF2minllanb)y and put k(v) = v/(1 +
2min{l,v}). Write ¢ = 1/(2 4+ max{3,1}). With probability at least 1 — &, we have
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028 — oNETE| = O(\/V/5n ™7 + log?(6/8)n /2~

Nytn

+é(t,) + (logn)*n™9 + n=“log nlog(6/0) + |a|by).

Remark. In the rate assumptions R,(n,d) = O(log(1/8)n~Y2), R,y(n,d) = O(log(1/§)n=/?)
and R, (n,0) = ©(log(1/0)n"c), the dependence on the tolerance ¢ is the displayed factor
log(1/0): the implied constants and the sample size from which the bounds hold do not
depend on 4. For each fixed ¢ € (0,1/2), the probability guarantee quantifies separately over
every sufficiently large even n. The constants c_ and c, in t, = ©(n"*0")) are deterministic
and independent of n and the observed sample.

Remark (notation). t, denotes the selected threshold sequence, depending on 7, with
t, = O(nU=29) for s € (0,1/(2 + max{1,3})) and t, = O(np/(U+F2min{lAuh)) for 5 ¢
[1/(2 +max{1, 5}),1/2); the ¢ in the corresponding estimator denotes this selected threshold.
In Corollary 3.6, Corollary A.4: The threshold order means c_n*») < t, < c,n*0n) with
deterministic constants 0 < ¢ < ¢y < oo independent of n and the observed sample;
k(v) = (1 — 2s)v in the first regime and x(v) = v/(1 + 2min{l,v}) in the second. The
estimate 7, is obtained by full-input Hill selection at tolerance §/6.

Similar results hold for the IPW estimator. Due to limited space, we leave the result
for IPW in the appendix. Many common machine learning algorithms, e.g., Lasso, logistic
regression, neural networks, can achieve O(n~'/2) rate in the assumption of Corollary 3.6.
We want to highlight that if e(¢) decays fast enough and become negligible compared to
the other term and we know the correct scaling exponential o, Corollary 3.6 matches the
rate of [Zhang et al., 2023, Theorem 3.1] without prior knowledge on the index § in the
Assumption 3.4. Besides, if we have additional prior knowledge on e(t) and ¢,, we can adjust

the choice of threshold t to achieve a better rate.

Remark 3.7. When the extreme noise is 1-dimensional, the spectral measure is trivially d¢)
and there is no need to estimate the spectral measure. Following a similar argument of Theo-

rem 3.5 and Corollary 3.6, we can obtain a convergence rate of O(e(t,) + log(1/6)n=1/+5) 1
log(1/§)n=c).

Remark 3.8. Assumption 3.4 may seem restricted at first glance. This assumption is used
here because the non-asymptotic result for regularly varying extreme distributions is rare in

the literature and the goal of this paper is not to develop a new estimator for the spectral
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measure. To the best of our knowledge, Zhang et al. [2023] is the only paper that gives such a
result under Assumption 3.4. In fact, Assumption 3.4 can be easily replaced by the following
two assumptions in our proof. (1) The extreme noise U is regularly varying and its norm ||U||
satisfies the von Mises condition in Boucheron and Thomas [2015]. (2) There exists an upper
bound for the bias term ||[E[f(U/||U||) | |U]| > t] = limi—oo E[f(U/||U]]) | |U]| > t] < O(t~),
for some constant ¢y > 0 for a fixed Lipschitz function f. We leave this generalization to

future work.

4 Experiments

Having established in Section 3 that under our regularity and overlap assumptions the
DR~ and IPW-based extreme treatment estimators enjoy a provable non-asymptotic error
bound, we next evaluate their finite-sample behavior and compare with our estimators with
naive estimators that does not consider the regularly varying structure. In what follows,
Section 4.1 presents purely synthetic simulations with known NETE. Section 4.2 then moves
to a semi-synthetic setting—using real noise from wavesurge datasets—to assess practical

performance under realistic complexities.

4.1 Synthetic Dataset
The data generation process we use in this subsection is
X ~ Unif([0,1]%), D ~ Ber(p(X)), where p(z) = 1/(1 4 exp(—z'b)),

Y = |[U|*(D +U/|U||l +€) + |U]|*? € ~ Unif(~1,1),

where a > 0 is a constant and b ~ N(0,1), A ~ Unif([1,2]%*?). We consider two ways of

generating the extreme noise. The first one follows 77 3.4.
Z=(Zy, -, Zy,), Z; ~Pareto(B), U=AZ A€ Ruxd=

We also consider a Pareto mixture, i.e., U = (Uy,-- - ,Uy,), U; ~ 0.5Pareto() + 0.5Pareto(5 +
1). Note that ?? 3.2 is satisfied with e(t) = t~*/2. By Proposition 3.3, we can calculate
the ground-truth effect. The graph below shows the Mean Square Error (MSE) with our

estimator using different sample sizes. We take different values for «, 5 in the experiments.
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In this case, by Proposition 3.3, we know that the ground-truth NETE is 1/(1 — a/5). We
use Mean-Square-Error (MSE), E[(é\ — ONETEN2) to measure the error. As a baseline, we
compare our estimator with naive IPW and DR estimators. Naive-IPW simply applies the
standard IPW estimator to the U; that has norm larger than a threshold ¢, ignoring any
tail-index modeling. Similarly, Naive-DR augments it with the usual doubly-robust correction
term but likewise ignores the Pareto structure. We leave the detailed math formulation of
the baseline estimators to the appendix. The thresholds rule in Corollary 3.6 is used in the
experiments and we use the same threshold selection rules for all estimators. We estimate the
scaling exponential o by doing linear regression log(|Y|) ~ log(||U]|) and use the coefficient
of log(||U]|) as a,. We leave the experiment details to the appendix. Figure 1 and Figure 2
show the experiment results. In the following, we use EVT-IPW and EVT-DR to represent
é;?tw and 5,]35 in Algorithm 1.

Figure 1 and Figure 2 show that under different configurations of «, 8, d,,, d., our estimators
generally perform better than the baseline estimators. The reason is that our estimators
can make better use of the regularly varying structure. In general, EVT-DR achieves the
smallest MSE in most experiments and is robust under different configurations. Note that
the Pareto mixture does not satisfy ?? 3.4. Figure 2 shows that our method still maintain
a good performance even if 7?7 3.4 is violated. We also observe that sometimes the MSE
increases with more samples in Figure 2. An explanation for this is that violation of 7?7 3.4
causes the threshold selection rule in Corollary 3.6 not to be applicable and the variance

term dominates the error.

4.2 Semi-synthetic Dataset

Now, we use the wavesurge dataset Coles et al. [2001] to create a semi-synthetic dataset for
our experiments. The wavesurge dataset has 2894 data points, which contain wave and surge
heights at a single location off south-west England. Since wave and surge heights are not in
the same scale and may not be positive, we shift the data and normalize each dimension by

its 10% quantile. Given the wavesurget dataset, we generate our semi-synthetic dataset in
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Figure 1: Experiment results of four different configurations when the extreme noise is a
linear transformation of Pareto variables. The configures of upper left, upper right, lower left
and lower right are «, 8, d., d, = (1,1.5,50,10), (1, 1.5,30,5), (1,2.5,30,5) and (2,2.5,30,5)
respectively. The results are averages of 50 repeated experiments. We use EVT-IPW and
EVT-DR to represent 0°W and @2? in Algorithm 1.

n,t
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Figure 2: Experiment results of four different configurations when the extreme noise is a
Pareto mixture. The configures of upper left, upper right, lower left and lower right are
a,f,d, = (1,1.5,10), (1, 1.5,5), (1,2.5,5) and (2,2.5,5) respectively. The results are averages

of 50 repeated experiments.
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the following way.

X ~ Unif(0,1), D ~ Ber(p(X)), where p(x) = 1/(1 + exp(—2"b)),
Y=(1-X+D)Wu5* + N(0,1), (4.1)

where W and S are the height of the wave and surge, respectively. In this experiment,
we evaluate how well our proposed EVT-based estimators recover the Normalized Extreme
Treatment Effect (NETE) when only limited “short-term” data are available. We split the
dataset into a training set (1,000 observations) and a test set (1,894 observations). First, we
estimate the NETE on the training set using four estimators. Next, we apply the identification
formula from Proposition 3.3 together with (4.1) to obtain a high-fidelity estimate of the
NETE on the test set. Because the test-set estimate leverages additional data and the
correct tail model, we treat it as a surrogate “ground truth” for comparison. The real-world
implications of this experiment is that we can use some short-term data (the training set) to
predict long-term and unobserved behavior (the test set).

Table 1 shows the results we get using different estimators. The results show that our
EVT-IPW and EVT-DR give estimations that are closer to the test-set estimate than the
naive estimators. In particular, the naive estimators consistently overshoot the true NETE
by an order of magnitude. In addition, while more extreme tail configurations (e.g. (1, 3))
slightly increase variance, the EVT-based methods remain stable, with EVT-DR deviating
by at most 0.3 from the test-set estimate. These findings demonstrate that incorporating
multivariate extreme value structure via our EVT-IPW and EVT-DR estimators substantially
improves finite-sample estimation of treatment effects on rare, tail events, compared both to

naive methods.

Table 1: Causal Effect Estimates
(ap,a9) EVT-DR EVT-IPW Naive-DR Naive-IPW  Test-set Estimate

(2, 2) 0.18 0.25 41.93 27.34 0.13
(1, 3) 0.43 0.44 17.04 15.68 0.13
(2.5, 1) 0.13 0.18 31.64 26.06 0.20
(15,15)  0.26 0.23 7.91 9.46 0.20
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5 Conclusion

In this paper, we addressed the challenge of estimating treatment effects on rare, high-impact
events by uniting tools from causal inference and extreme value theory. We introduced a new
estimand that explicitly captures how an intervention shifts the tail average of the outcome
distribution. Exploiting the spectral-magnitude decomposition inherent in multivariate
regular variation, we obtained a simple, implementable identification formula (Proposition
3.3). Building on this, we constructed both inverse-propensity-weighted (IPW) and doubly-
robust (DR) estimators, and we further established non-asymptotic error bounds under a
Pareto-type tail assumption (Theorem 3.5, Corollary 3.6). In simulations and real-data
experiments, our methods consistently outperformed naive estimators when targeting extreme
outcomes, thereby validating our theoretical guarantees. We believe this work opens the door
to more refined causal analyses in applications—such as disaster risk reduction and financial
risk management—where understanding treatment effects in the tail is paramount. One
limitation of this work is that we mainly use heuristics to estimate the scaling exponential «,
which lacks a theoretical guarantee. For future direction, we would like to explore how to
estimate the exponential a and develop a more adaptive method for choosing thresholds for

our estimators.
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A  Proofs

A.1 Identification Formula
In this subsection, we derive the identification formula in Proposition 3.3.

Proof. Write Ry = ||U||, Sy = U/||U||, and é&(t) = sup,, e(r); the last quantity is finite for
sufficiently large ¢ and tends to zero. Independence of U from (X, D) gives P(D =1 | X,U) =
p(X). Positivity, consistency, and conditional mean exogeneity given (X, U) therefore give,

for both treatments,
F(X,d,U) = E[Y(d) | X,U,D = d] = E[Y(d) | X,U].

The assumed absolute tail means justify taking conditional expectations on {Ry > t}.

Homogeneity at the realized radius yields

[(X,1,U) = f(X,0,0)
it

=g(X,1,Sy)—9(X,0,Sy)+e(X,U), le(X,U)| < 2e(t) on{Ry >t}
Consequently,

'E {M | Ry >t| —E[(9(X,1,Sy) — g(X,0,50))(Ry/t)* | Ry > t]| < 2e(t)E[(Ry/t)* | Ry > t].
We next establish that the radial moment tends to 5/(8 — «). For every real a < f3, the

identity 2 =1+ flx ar® ! dr, together with absolute integrability of the integral, gives

P(RU>tT)

ALV N
P(Ry > 1)

El(Ry/t)* | Ry > 1] =1+ /OO ar®!

For a = 0 the integral is zero; for a < 0 its absolute integrability follows from [ |a|r*~! dr =
1.

Note that ||U]| is also regularly varying. By Potter’s theorem |Bingham et al., 1989,
Theorem 1.56|, for any ¢ > 0 and sufficiently large ¢, we have

PU| > rt)
P([U] > 1)
For 0 < a < f, choose 0 < ¢ < B — a. The Potter bound dominates the absolute

< 2r~Ate,

a—1

integrand by 2ar? #*<"! whose integral is finite. For a < 0, the bound by |a|r®! also

permits dominated convergence. Regular variation thus gives, for every a < f3,

B
B—a

E[(Ru/t)" | Ry > 1] — 1+ / aro=B=1 gy —
1
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In particular, the radial moments with a = « are bounded, and the preceding homogeneity

error tends to zero. Define
G(s) =Ex[g(X,1,s) — g(X,0,s)], hi(r,5) = G(s)r®.

Independence of X and U shows that the remaining conditional expectation is E[h,( Ry /t, Su) |
Ry > t]. Note that by Assumption 3.2, ¢ is a continuous function on a compact set and thus
is bounded by some constant C' > 0. Thus |G(s)| < 2C, and G is continuous. If o < 0, then
|hi(r,s)| < 2C for r > 1. If @ > 0, choose p > 1 with paw < 8. The radial moment calculation
gives

sup E[|G(Sy)(Ru/t)°” | Ry > 1] < (2C)? sup E[(Ry /t)** | Ry > 1] < oo.

t>to t>to
This establishes uniform integrability in both cases. Definition 2.3 gives conditional weak
convergence of (Ry /t, Sy) to the product of a Pareto radial law with survival 77 for r > 1 and
the spectral probability measure S. For a bounded truncation of G(s)r®, weak convergence
gives convergence of expectations. Uniform integrability makes the truncation errors tend to

zero uniformly, so

lim E[G(Sy)(Ry/t)* | Ry > t] = < / G(s) S<ds)) 5

t—o0 6_04‘

Weak convergence of the angular marginal and bounded continuity of G also give

lim E[g(X,1,Sy) — g(X,0,Sy) | Ry > t] = /G(s) S(ds).

t—o00

Combining these two limits with the vanishing homogeneity error proves the stated product

formula. O

A.2 Non-asymptotic Analysis
To obtain a convergence rate for the estimator gﬁl, we first analyze the rate of the two factors
3, and 7%,

Lemma A.1. Under Assumption 3.1, 3.4, using the standing convention || - || = || - |1, let
R; = ||Uilly for alli € {1,...,n} and order these full-input radii as Ry > --- > Ry,). For
n > 2, define

38



For § € (0,1), set

L, = min{n — 1,[100logn]}, Jn =14 [logn/log2],

0u(8) = log(47,5), en(8) = 2/20(0) + f}%2,

pn(0) = 16¢,(9).
Let

%n:max{kE{Ln,...,n—l}:

- H,(1)pu(9)
Hali) = (k)] < =27

for everyi € {L,,..., k:}},
Vo = H, (k).
For each fized 6 € (0,1) and every sufficiently large n, with probability at least 1 — 0, we

have

(Celllmos )
1/3
(10g((8/(5) logn)>1/(2+ﬁ) | 81,
\ n

where Cs may depend on the fived distribution and on §.
where v =1/6 is the EVI of U.

Remark. For each fixed 6 € (0,1) there is a deterministic ny such that, for every integer

n > ng, the bound has probability at least 1 — ¢ under the law of the sample of size n.

Proof. We adopt the non-asymptotic analysis of the adaptive Hill estimator for EVI in
[Boucheron and Thomas, 2015]. We give the exponential-spacing argument and the confidence

calibration explicitly. Write R = |U]||;. Fix a member of My, put a; = ||A,||:, and let Z?
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be independent nominal Pareto type-II components of index 8. The component density is a

positive constant ¢ times the nominal product density whenever ||z||; > (K 1=29/8, Since

R:ZaiZ,-, lﬁaiﬁu, RSUHZHl,

the survival and density of R beyond u¢K1=29)/5 are ¢, times those of T = >, aiZ?. This
transfer uses the original nominal components without shifting their supports.

Put Wi = ;. 2}, V; = 32,,,Wj, and fi(z) = Ba?(a; + )1 for & > 0, extended by zero
for z < 0. Partitioning the convolution integral according to the largest summand, whose

ties have probability zero, gives

ZE{]‘Z [{maXW <r—V}|.

On this event r — V; > r/m. If V; < r/2, the event holds and the mean value theorem
gives |f;(r —V;) — fi(r)| < Cr=P=2V,. On the part where V; > r/2, the indicated density is at
most Cr~#~1. A union bound using the tails of the m — 1 summands gives P(V; > x) < Cax~?
for x > 1. Integrating this bound and using E[V;I{V; < r/2}] < E[min{V;, r/2}] gives

Cr'=f <1,
EViI{V; <r/2}] < { Clogr, =1,
C, B> 1.

Consequently

< CZ PRIV, < /2] + TRV > r)2)

— Zfi(r

Since 32, fi(r) = 832, aPr=f~1(1 + O(r™)), set

P, B <1,
bg(T) =t logr, ﬁ =1, Co= COZaf > 0.
r 1, B>1,

The actual radial density and survival therefore satisfy, for sufficiently large r,
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fr(r) = BCor™H 1+ O(bs(r))),  Fr(r) = Cor™*(1+ O(bs(r))).

The second estimate follows by integrating the first error from r to infinity: the integrals
of r=28=1 r=3logr, and r#~2 have orders 7=, r2logr, and r~#!, respectively. Thus no
constant-coefficient expansion at 8 = 1 is required. When g > 1 and a survival expansion
with coefficient D is used, differentiation gives density coefficient D(1 + 1/5); the density
and survival envelopes just proved avoid differentiating an unspecified remainder.

Let Q(v) = F'(1 — 1/v) be the radial tail quantile. Its differentiable tail has Q(v) ~

(Cov)'/# and

_UQ/(U>_ _M_l: v
"0=00) T Q@) - O @)

Choose a fixed v > 1 in that tail and define 7(v) = SUD,>maxfovo} [1(w)] for every v > 0.

For sufficiently large v this gives

Cv1, b <1,
n(w) << Cvtlogy, B=1,
Cv~1/8, 8> 1.

For y > 2 > log vy, integrating the quantile derivative gives

[log Q(e”) —log Q(e”) —v(y — 2)| < 7(e”)(y — 2).

We next prove the simultaneous stochastic bound used for selection. Let Y1) > --- > Y
be decreasing order statistics of independent standard exponential variables, with Y{, ;1) = 0.
Their joint density is nlexp(—>_;y;) on the ordered region. The change of variables F; =
J(Yyy) — Y(j+1)) has Jacobian 1/nl and 3~ y; = >, Ej, so the E; are independent standard
exponential variables. The quantile transform represents the ordered radii as Q(e*®). Define
B; = Z;ZI(E]- —1)and A; =i7! 23:1 E; for this argument only.

For 0 < \ < 1,

A2 A2

log Ee*Fi=b) — _\ —log(1 —\) < ——— log Be 2B~ = A —log(14+\) < ——.
ogEe og(l=N) < 5q—y  loake 81+ < 53—
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Hence exp(+AB; —iA?/(2(1 — \))) are nonnegative supermartingales with initial value

one. The maximal supermartingale inequality implies

P (Igax |B;| > V2mz + J;) < 2"

Indeed, each one-sided probability is at most exp(—Aa+mA2/(2(1—\))) for a = v2mz+x;
taking A\ = /2x/m/(1 + y/2x/m) makes this bound e~*.

Apply this inequality at the ends of the dyadic intervals 2¢ < ¢ < 2%T! using m =
min{n, 2°"} and x = ¢,(d). There are at most J,, such intervals. On each interval V2m / Vi <
2. The union bound therefore supplies an event E of probability at least 1 — 4/2 on which

VilAi =1 € 2/4.(0) + ¢u(0)/Vi < en(d),  Ln <i<n.
For fixed 0, ¢,(0) = Os(y/loglogn) and ¢,(6)/+/L, — 0.

Write ¢, = ¢, () and consider the deterministic index

k:*:max{ke{Ln,...,n—l} %Zvo, @ﬁ(%) Svcn}.

The choices below show that this set is nonempty for all sufficiently large n. Put
T, = e'¢++1. The number of exponential observations exceeding log(n/(2k,)) has binomial

law with mean 2k,. Its multiplicative lower-tail bound gives

P (T* < 27; ) < exp(—k,/4) < §/2

for sufficiently large n, because k, > L,. Indeed, if B ~ Bin(n,p) and pu = np, Markov’s

inequality gives

P(B < ,U//Q) < 6‘“10g2/2E[2_B} _ 6,ulog2/2(1 _p/2)n < e—,u(l—log2)/2 < 6_‘“/8,

using log2 < 3/4; here p = 2k,/n and p = 2k,.. Let E, be the complementary
event. On FE, all spacings involved in H,(i) for ¢ < k, lie above logvy. Since H,(i) =
ity =17 10g(Rp;)/ Rij1) by telescoping, the quantile inequality thus gives

. _ YCn .
V.




On EN E,, for large enough n, ¢,/v/L, < 1/6. It follows that

. YCn - YCn Cn 3vycey, .
H,(i) — | < 22 + 1+ =) < , 2 < Hy(i) < 37/2.
| H,\(3) — 7 AR ( ﬂ) NG v/ (1) < 3v/

For every L, <1 < k < k,,

Hi) = Ha(0)] < 222 < H”%"((”.

Thus k., qualifies for the displayed prefix rule, and its selected index %n is at least k,. The

set in that rule is nonempty almost surely because k = L,, only compares with itself. The

comparison at ¢ = k, now yields

H,, (k) pn(0) < 27vey,
ViV

The two events used have total failure probability at most §; independence between them

T = < [Hn(k) = +

is unnecessary.
To obtain the displayed rates, when 5 # 1 put p = min{1, 1/5} and choose a sufficiently
small fixed a, > 0. Let

ko = LQ*TLZP/(IHP)C?L/(H%)J _

For all sufficiently large n, kg > L,, ko < n/(2vp), and

Vkoii(n/(2ko)) < Ok 0P < vc,,

by making a, small. Thus k, > kg, and

/(1+2p)
Cn < CpP/(420) 20/ (1420) < 0 <10g((8/5) logn))p P |

V. n
Here ¢ < Cslog((8/9)logn) for sufficiently large n. For § < 1 the exponent is 1/3, and
for 0> 11itis 1/(2+ p).
When g =1, take

2/3
ko = |a.n?? e\ )
logn

Again ko > L,, and ko < n/(2vp) eventually, and

43



Vkoii(n/(2ke)) < Cky*n~logn < e,

for sufficiently small a,. Hence k, > ko and

1/3
< Cnfl/:}(ci logn)l/?’ e (logn log((8/9) 10%”)) '

% n

This proves the middle case on the same event of probability at least 1 — 9, and completes

the proof. n

Lemma A.2. Under the assumption of Theorem 3.5, suppose in addition that the conditions
of Proposition 3.3 hold. Suppose that the fitted propensity, regression, and exponent are
measurable with respect to the training split and independent auziliary data. Suppose that the
nuisance inequalities of Theorem 3.5 hold jointly with probability at least 1 — ¢, uniformly
almost surely over the covariate and direction support and both treatments, for each tolerance
e. Suppose that 0 < p(X) < 1 almost surely and that the fitted-exponent pseudo-outcome has
finite conditional absolute mean on those nuisance events. Put m, = P(||U|| > t) and M = |Z|,
and set )¢ = 0 when M = 0. Let &(t) = sup,, e(r), let C bound |g| on its compact domain,
and put Gy = C' 4+ €é(t). For a generic evaluation observation define

D —p(X) Y
p(X)(1 = p(X)) (IIUIIa"

For any positive truncation level B chosen using only the training split and independent

b =9(X,L,U/|U|) —g(X,0,U/|[U]) + —9(X, D, U/IIUII)) :

auxiliary data, define

v (B)
a;(B)

E[W*I{|y| < B} | Dy, auziliary data, |U|| > ],
E[|l¢|I{|¢| > B} | D1, auziliary data, |U]| > t].

Fiz ag € (0,0) and write a = R,(n,0/4). For sufficiently large t > 1, if a < ag and
nm > 16log(4/6), then with probability at least 1 — & we have M > nm/4 and

R = < 4?§f>+(1+§)at<B>+§Rp<n/2,5/4>Rg<nt7a/4>

2G
—|— 2é(t) + 2LW1(£§]/”U”, EU/HUH) + Tt (ta - 1 + Ka/ta) 5

where K depends on the radial law and ag. Suppose moreover that the angular Wasserstein

term satisfies the bound that Proposition 3.1 of Zhang et al. [2023] gives for this Pareto-type
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model, which is taken from that work and not proved here: there are constants Cy >0, k > 0

and ty > 1 such that
WAL oy Lopoy) < Cw(log )™ 4 Cyp=29/0729 (8 > gy),

Then fort > ty the angular term 2LW, (EZ/HUH’ Ly of the display is at most 2LCy (log )t~ min{1,5} 4
2LCyt=P5/(0=29) with the logarithmic factor retained. When the conditional score variance

V; is finite, the sampling term may instead be taken to be \/4V,/(6M).

Remark. Assumption 3.4 specifies the noise law £(U). The component dimension in the
density of Assumption 3.4 is m = d,. The equal split in Algorithm 1 is defined for positive
even sample sizes n, with |D;| = |Dy| = n/2. The sample-size domain of R,(q,¢) includes
every possible training exceedance count ¢ € {0,1,...,n/2}, including ¢ = 0. The target
n denotes [Ex[g(X,1,s) — g(X,0,s)]S(ds), where S is the limiting spectral probability
measure. The symbol V; denotes Var(y | Dy, auxiliary data, ||U| > ¢). The homogeneity
inequality holds for both treatments and every positive radius, on the positive unit sphere for
the ¢; norm. The fitted-exponent pseudo-outcome has finite conditional absolute mean under
the evaluation tail law: E[|Y|/||U]|% | D;, auxiliary data, [|U]| > ¢] < co almost surely on
each joint nuisance event.

Remark (notation). ﬁ,?}} is the average normalized doubly robust score over exceedances
in the second half Dy, using p and ¢ fitted on the first half D; and the supplied exponent
Qy, wherever |Z| > 0. In Lemma A.2: Set 7} = 0 when M = |Z| = 0; conditional on Dy
and the independent auxiliary data, the fitted p, g, and a,, are fixed, and for M > 0 the
estimator averages the displayed score 1 over the evaluation exceedances. In Corollary 3.6:
The estimator is evaluated at ¢, = ©(n(!=2*7) in the first item and ¢, = ©(n7»/(+2min{lAn})
in the second item, with deterministic positive order constants independent of n and the
sample. Set 7, nnt = 0 when there are no evaluation exceedances. The fitted p, g, and a,, are
T -measurable, where T consists of the training split and independent auxiliary data, and are
the same functions and exponent for every input threshold; they are held fixed in the score
moments conditional on 7" and ||U|| > ¢. In Theorem 3.5: Set 7)) = 0 when M = |Z| = 0;
conditional on the training split and independent auxiliary data 7, the fitted p, g, and
Q,, are fixed, and for M > 0 the estimator averages ¥°® over the evaluation exceedances.

In Lemma A.3: Set 7,y = 0 when M = |Z| = 0; conditional on the training split and
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independent auxiliary data 7, the fitted p, g, and @, are fixed, and for M > 0 the estimator

averages the normalized doubly robust score over the evaluation exceedances.

Proof. Condition on the training split and independent auxiliary data, denoted together by
T. Write Ry = ||U||, Suv = U/||U]||, and

mh(z,s) =E]Y/RY | X =2,D =d, Sy = s, Ry > t], nt, =E[(f(X,1,U)-f(X,0,U))/R | Ry > t].

Independence of U from (X, D) gives E[D | X, Sy, Ry > t] = p(X). Let ¢, be the score ¢
with @, replaced by «, keeping the same fitted functions. Direct conditional expectation over

treatment and outcome gives

Blva | TR > ] = o, =B | (p(x) — px) { UL ) | i3 g0 7 g

p(X) 1 —p(X)
Indeed, the coefficients of m! —g; and m}, — gy are respectively p/p—1 and 1 —(1—p)/(1—p),
which equal (p —p)/p and (p — p)/(1 — p). On the joint nuisance event at tolerance §/4, the

uniform bounds and estimated-propensity overlap therefore imply
2
[Ela | T, By > 1] = ng| < —Ry(n/2,6/4) Ry(ni, 6/4).

where n; = Z?’:/ 2I(|Ui|| > t) is a random variable. Keep this training count as the
argument of R,; no regularity of that error function beyond its stated monotonicity is needed.

Homogeneity at each realized radius gives
|773 - E[g(Xv LSU) - g(X’ 0, SU) | Ry > t” < 2é(t)‘

The function s — Ex[g(X, 1,s) — g(X,0, s)] is 2L-Lipschitz. Independence of X and U and

the definition of the limiting angular target therefore give
I, — nl < 2e(t) + 2LWA(Ly 0y, Logjo))-

Proposition 3.1 of Zhang et al. [2023], with Wasserstein order one and tail index 3, supplies
the stated angular bound with its logarithmic factors. Next, the fitted functions cancel from
1 — 1,. Taking conditional expectation over the outcome and treatment leaves

E [{p(X) f(leaU) - 1 —p(X) f(XaOaU)
pX) Ry 1-p(X) Ry

}(Rg—an—l) | T, Ry > t|.

46



On the nuisance event, |a — a,| < a. Since Ry >t > 1, we have |R% " — 1| < Ry — 1.

Homogeneity also gives |f(X,d,U)/R%| < Gy, so
2Gt s
B[ —va | T, Ru > t]] < —E[Rf; = 1| Ry > 1],

Choose € = (8 — ag)/2 > 0. Potter’s bound gives, uniformly for » > 1 and sufficiently large ¢,

]P)(RU > t?”)

T

< 9p~hte,

Integrating the radial tail, for 0 < a < ay, yields

Ry > t?")

R
E[RZ—1|RU>t]:ta—1+t“/ ar®” - dr
1
2at”
<t 14+ <14 Kat
b—€e—a

This also covers a = 0, when both sides vanish. Combining the three mean-error bounds
controls |E[¢ | T, Ry > t] — n| by the nonsampling terms in the statement. For evaluation,
M is binomial with parameters n/2 and 7, independent of the training split and auxiliary

data. The binomial lower-tail bound gives
P(M < nm/4) < exp(—nm/16) < 6/4.

Conditional on 7 and any positive M, the evaluation scores are independent with the
conditional tail law used to define v(B) and a;(B). Put Z = ¢I{|¢| < B} and W =
YI{|y| > B}. Chebyshev’s inequality gives

1 4'Ut(B)
P <’MZZi—E[Z | T, Ry >t]’ >\ 57

T, M) < §/4.

Markov’s inequality gives

1 4at(B) .
P <MZ|W1~| > — ‘ T,M) < 6/4;

if a;(B) = 0, the tail variables vanish almost surely and this assertion holds directly. On the

intersection of these events, the triangle inequality gives

‘%Zwi—E[w | T,RU>t]‘ < 41;](\5) + (1+§> a(B).
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The joint nuisance event fails with probability at most §/4. Adding its failure probability, the
count failure probability, and the two conditional sampling failure probabilities gives total
failure probability at most §. The estimator is the average of these scores on the resulting
event, which proves the bound. If V; < oo, apply Chebyshev directly to the untruncated
score average with failure probability d/4; this gives the stated replacement sampling term,

with total failure probability still at most ¢. m

Lemma A.3. Under the assumption of Theorem 3.5, suppose in addition that the conditions
of Proposition 3.3 hold. Suppose in addition that the conditions of Lemma A.2 hold. Use its
training split and independent auxiliary data, denoted together by T, its m, = P(||U]| > 1),
M = |Z|, e(t) = sup,>; e(r), and Gy = C + é(t), where C bounds |g| on its compact domain.

Set ﬁﬁ;w =01 M =0. For a generic evaluation observation define

Y D 1-D
=0T (ﬁ(X) 1 —ﬁ(X)) |

For any B > 0 chosen using only T, put

v (B) =El¢*I{|¢| < BY | T, Ul > t],
b;""(B) =Ellg|I{l¢| > B} | T, IU] > 4.

Fiz ag € (0,5) and put a = R,(n,0/4). For sufficiently large t > 1, if a < ap and
nm > 16log(4/6), then with probability at least 1 — & we have M > nm/4 and

4{™V(B)
o

4 2
1+ 3> bIPW(B) + %Rp(n/l §/4)

g =l <

2G
+ Qé(t) —+ 2LW1(‘C§]/HUII7 EU/||U||) + Tt(ta — 1+ Kata),

where K depends on the radial law and ag. Under the angular assumption of Lemma A.2, taken
from Proposition 3.1 of Zhang et al. [2023], the angular Wasserstein term has the bound stated
there for t > ty, with its logarithmic factor retained. When VIPW = Var(¢ | T,||U|| > t) is

finite, the sampling term may instead be taken to be /4V,FW/(6M).

Remark. The sampling term comprises both \/4v"W(B)/(§M) and (1 + 4/8)bi"V(B). For
each fixed 7-measurable choice B > 0, the displayed probability bound uses the base

conditions of Lemma A.2; its angular specialization additionally uses that lemma’s angular

assumption and ¢ > ty, and its variance alternative additionally requires VW < oo.
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Remark (notation,). ﬁ}ftw is the sample average over the threshold exceedances in the second

half D, of the split sample, using p fitted on the first half D; and the supplied exponent
Qn, wherever |Z| > 0. In Corollary A.4: The estimator is evaluated at t,, = ©(n(1=2)3) in
the first item and ¢, = ©(n7»/(1+2min{l.3uh) in the second item, with deterministic positive
order constants independent of n and the sample. Set ﬁ}ftw = (0 when there are no evaluation
exceedances. The fitted propensity and exponent are T-measurable, where 7 consists of
the training split and independent auxiliary data, and are the same function and exponent
for every input threshold; they are held fixed in the score moments conditional on 7 and
|U| > t. In Lemma A.3: "V = 0 when M = |Z| = 0. The fitted propensity and exponent
are measurable with respect to 7, the training split together with independent auxiliary data,
and are held fixed in the score moments conditional on 7 and ||U|| > ¢. In Theorem 3.5:
My’ = 0 when M = |Z| = 0. The fitted propensity and exponent are measurable with
respect to T, the training split together with independent auxiliary data, and are held fixed

in the score moments conditional on 7 and ||U|| > t; the threshold ¢ is deterministic.
Proof. Write Ry = |U|| and Sy = U/||U||, and define
mh(z,s) =E[Y/Ry | X =x,D =d,Sy = s, Ry > 1],
. =E[(f(X,1,U) = f(X,0,U0))/Ry; | Ry > 1].
Independence of U from (X, D) gives P(D =1 | X, Sy, Ry > t) = p(X). Let ¢, be ¢ with
a, replaced by a. Conditional expectation over treatment and outcome gives

Elpo | T, Ry > t] — 7.,

— & |00 - o) { TS TSSO 7y

Indeed, the treatment coefficients after subtraction are p/p—1 = (p —p)/p and 1 — (1 —
p)/(1—p) = (p—Dp)/(1 — p). Homogeneity gives |m}| < G;. On the joint nuisance event at
tolerance 0 /4, estimated-propensity overlap therefore gives

2G
[Blda | T, Ry > 1] = it| < =Ry (n/2,6/4).

Taking conditional expectations over the outcome in the exponent difference gives

E[¢_¢Q|T7RU>t}

[ PXOAXLU) (L= pO)F(X0,U) e
_]E[{ P(X)Rg (1—p(X))Re }(RU )| T,Ry >t|.
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Since Ry >t > 1 and |a — @,,| < a, the absolute value is at most (2G;/c)E[RY, — 1 | Ry > t].
Put e = (8—ap)/2. Potter’s bound gives P(Ry > tr)/m; < 2r=P* for all r > 1 and sufficiently

large t. Integration gives

o P(Ry >t
E[R%—1|3U>t]=ta—1+t“/ o1 P > 1)
1 T
2at®
Sta_1+a—§ta_1+Kata7
f—e—a

with K =4/(6 — ap); for a = 0 both sides vanish. The triangle inequality now supplies the
decomposition into sampling fluctuation, propensity error, exponent error, and |nf, — 7.

Homogeneity at the realized radius gives
|77<tx - E[g(X’ 17SU) - g(X’ 0>SU) | Ry > t” < 26(0'

The function s — Ex[g(X, 1,s) — g(X,0,s)] is 2L-Lipschitz. Independence of X and U and

the Wasserstein coupling inequality therefore give
ne, — nl < 2e(t) + 2LWi(Ly oy Losjo))-

Lemma A.2 supplies the angular bound under the identical model assumptions, including its
logarithmic factors. Conditional on 7 and positive M, the evaluation scores are independent
with the conditional exceedance law. Put Z = ¢I{|¢| < B} and W = o¢I{|¢| > B}.
Chebyshev’s and Markov’s inequalities give, respectively, conditional failure probabilities at

most §/4 for

MUY Z - EIZ| T Ry > 1] < [0V (B)/(0M),
MUY Wil < 47 (B) o
If bW (B) = 0, the second inequality holds almost surely because W = 0 almost surely.

Combining them with [E[W | T, Ry > ]| < b;"V(B) bounds the sampling fluctuation by the

first two terms in the statement. The count has law M ~ Bin(n/2, ), so
P(M < nm/4) < exp(—nm/16) < 6/4.

The joint nuisance event also fails with probability at most 6/4. The union of these four
failures has probability at most . On their complement, the mean-error bounds and the
sampling inequality prove the result. If V"W < oo, direct conditional Chebyshev gives
sampling error at most 1/4VFW /(§M) with failure probability at most 6/4, and the same

union bound proves the asserted alternative. O
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Now we are ready to prove Theorem 3.5.

Proof of Theorem 5.5. Proposition 3.3 applies because its identification and integrability

conditions are assumed. The limiting angular contrast is 7, and the limiting radial moment is

o0 1
— apn,.—B—-1 dr = ﬁ —
1 /1 r*Br r F—a n

The integral converges because o < 3. Consequently ONETE = py. Since |g| < C, we also

have |n| < 2C. For either estimator, the product identity gives

7estimator NETE __ -~ /~estimator
Hn t —0 - n(

Mt — 1)+ n(fn — 1)

Let E, be the joint nuisance event at tolerance §/12. The nuisance hypothesis gives
P(ES) < §/12, and on this event |a,, —a| < Ry (n,6/12) = a. Apply Lemma A.2 at confidence
tolerance ¢/3, using truncation level Bpg. Its internal nuisance tolerance is (§/3)/4 = §/12,
its exponent bound is a, and its count requirement is nm; > 16log(12/4). It supplies an event
Epg with failure probability at most 6/3 on which M > nm,/4 and [0} — 1| < Epr. Apply
Lemma A.3 at tolerance 0/3 with Bipw; its sampling coefficients are 12/6 and its nuisance
and exponent arguments are also §/12. It supplies an event Fipw with failure probability at
most 6/3 on which M > nm;/4 and |7," —n| < Epw. The use of Ry(n/2,6/12) is permitted
by its sample-size monotonicity, since R,(n,d/12) < R,(n/2,0/12); no comparison between
confidence tolerances is used. Lemma A.1, applied to the full-input Hill selection run at
tolerance 0/6, supplies an event £, with failure probability at most §/6 on which [7,, —v| < b,.
Thus

E:EaﬂEDRﬂElpwﬂEy

satisfies

0 o o6 o 119
V<L o~ === <4
P<E)_12+3+3+6 12_5

This intersection explicitly contains the exponent inequality as well as both first-factor
inequalities and the radial inequality. Independence between these events is unnecessary. On

E, we have [7,| <~ + b, and hence
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@ — | = n(@n — @) + (Y —7)| < aly + bn) + |afby = Qn.
If d, > 0, exact reciprocal subtraction gives
|an7n - aﬁ)/’ < Qn

If d,, = 0, Algorithm 1 sets 1, = 0, so

= Hp.

|l — p = 1/h =H,.

Thus |fi, — p| < H, throughout F, without any uniform Lipschitz assertion near the pole.
On E, the DR product identity and the triangle inequality give
B = T < [l 25 =l + [l [ — o
< |1n|Epr + [0 M-

Here Lemma A .2 supplies the score-dependent sampling term, the product R,(n/2,0/12)R,(n:, 0/12),
the tail envelope 2é(t), the angular Wasserstein term and the full exponent perturbation. Its
exponent calculation uses |a, —a| < a on E, and gives E[||U||*—1| [|U]| > t] < t*—1+ Kat®
for K = 4/(8 — ap). No linearization of this expression, replacement of é(t) by e(t), or
suppression of angular or radial logarithms is made. The count inequality also holds on E.

For IPW, the product identity gives

O = 6T = G5 — )+ (7 — ).

On E, Lemma A.3 gives |ﬁ}ftw —n| < &Epw, and the reciprocal calculation gives |ji, — | <

‘H,,. Therefore

0P — ONFTE| < (7| [5EY — | + [l | —

< |tin|Erpw + 0| Hn-
Both bounds and M > nm;/4 thus hold together with probability at least 1 — 0.
For the additional assertion, we choose the success events in the preceding proof using
the constructions in Lemmas A.2 and A.3. Let Ey = {M > nm;/4}. Its failure probability
is at most exp(—nm/16) < 6/12. For each ¢ € {DR,IPW} put Z? = ¢{|¢? < B,}
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and W9 = ¢2I{|y?| > B,}. Conditional on 7 and positive M, Chebyshev’s and Markov’s
inequalities give two events E;, and Eyy,, each with conditional failure probability at most
d/12, on which

120/(B,) L 120 (B,)
<4 /1 1) < 7
<\t MUY W<

1€T

MY ZI—E[Z| T, |U|| > 1]

1€T

If b{(B,) = 0, the tail variables vanish almost surely. Take Epgr = E,NEyNEZzprNEwpr
and Erppw = E,NEy N Ezpw N Ewpw. These events give exactly the first-factor conclusions
used in the preceding proof, by the two cited lemmas, and each has failure probability at most
/3. Since their nuisance and count events are shared, their intersection with £, actually has

failure probability at most

0/12+6/12+46/12+6/6 = 86/12.

On E,, the additional second-moment assumption gives Var(¢? | T, ||U|| > t) < V.
Conditional Chebyshev supplies an event F, whose failure on E, N £y has probability at
most §/12 and on which

12V 48V
nt. — K1 < < .
e =B N TUN > 4] <3 537 <\ 5o

The assertion follows directly if V' = 0, because the centered scores then vanish almost

surely. Integrating the conditional failure bounds and using a union bound shows that
E, = EN Fpr N Fipw has failure probability at most 100/12 < §. Thus both general bounds
and both finite-variance bounds hold on this one event; it contains the exponent inequality
explicitly.

The finite-variance alternatives in Lemmas A.2 and A.3 give the same conditional-mean
bounds on E,, with this sampling term. Write z = alogt € [0,1]. Convexity of the
exponential gives exp(z) —1 < (exp(1) — 1)z; also t* < exp(1) and a < alogt. Therefore

t* — 14 Kat® < (exp(1) — 1+ Kexp(1l))alogt.

For sufficiently large t, é(t) < 1, so G is bounded by the fixed constant C' + 1. On E,,
dy, > h—Q, > h/2 >0, and consequently
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Binl <2/h, Mo <2Qu/R%, Qu < a+ (ag+|al)b, < Ci(alogt +b,).

Here C depends only on the fixed model and ag. Substituting the DR mean bound
and the finite-variance sampling bound in the DR product identity gives the additional DR
display. Substituting the IPW mean bound and its finite-variance sampling bound in the [IPW
product identity gives the additional IPW display. The factors 2/h, |n|, 2/c, the bounded
G; and the displayed exponent constant can all be absorbed into a constant independent of
n,t,d. Finally the radial tail in the stated model is 7, =< ¢t=?, which gives the asserted order
of the sampling term. The definition of b, and every nuisance tolerance remain exactly those

displayed in the statement. ]

Corollary A.4 (Convergence rate for IPW). Under the assumptions of Theorem 3.5, further
suppose that

Ry(n,8) = ©(log(1/6)n"'?), Ry(n,8) = ©(log(1/6)n"'7?),

Ry (n,6) = O(log(1/0)n"")
for some ¢, > 0. Suppose in addition that the conditions of Proposition 3.3 hold. Let T
consist of the training split and independent auxiliary data. Suppose that p, g and &, are

T -measurable and are the same functions and exponent for every input threshold. Write
Ry =|[U||, Su =U/|U|, v=1/8, m =P(Ry > 1), and

mh(z,v) =E[Y/RS | X =x,D =d,Sy =v, Ry > t].

In each case below, let k be the exponent function specified in that case. Use fized constants
0 < c. <cp < oo in the threshold order, so that c_ntln) < ¢, < c+n"‘ﬁ"), and define the

determainistic band

lp, = (c_/2)n", Uy = 2¢,n"), I, = [0y, uy).
Suppose that with probability at least 1 — §/6, jointly for every t € I,,
|a, — a| < Ry(n,0/6),

Ip(z) — p(z)| < Ry(n/2,6/6),
iml(x,v) — g(x,d,v)] < Ry(ny,6/6),

o4



simultaneously almost surely over the covariate and conditional direction support and both
treatments, where n; = Z?ﬁ I(U;|| > t) is the training exceedance count. On this same
event suppose that the fitted-exponent pseudo-outcome has finite conditional absolute mean

for every t € I,, and that, for a constant V' < oo independent of n and t,

Y D 1-D
B¢ | TRy > <V (tel),  ¢=—= (ﬁ(X) E 1—ﬁ<X>)'
U

Set the first-factor estimate to zero if there are no evaluation exceedances. Run the

full-input Hill selection of Algorithm 1 at tolerance 6/6, and put

((log((48/6)1 1/
(e}
1/3
by = Cijo (logn log((iS/(S) log n) Cp-1
(115 e
\ n

with the constant supplied by Lemma A.1. Define

é(t) = supe(r).

r>t
Then, for each fized § € (0,1/2) and every sufficiently large even n, the following
conclusions hold. Here k > 0 is the exponent of the logarithm in the angular assumption of

Theorem 5.5, taken from Proposition 3.1 of Zhang et al. [2023]; under that assumption the

angular term at the threshold t, is of the order shown, up to this power of logn.

1. If s € (0,1/(2 + max{1, 3})), take t, = O(n'=27) and put x(v) = (1 — 2s)v. With
probability at least 1 — 9, we have

015 — gNETE| = O(\/V /51~ + log(6/8)n 12
+é(t,) + (logn)fn™* + n~“log nlog(6/d) + |a|by).

2. If s € [1/(2 +max{1, 8}),1/2), take t,, = O(n)»/OF2minllAby and put k(v) = v/(1 +
2min{l,v}). Write ¢ = 1/(2 4+ max{3,1}). With probability at least 1 — &, we have

65— GNETE| = O(\/V/5 0~ + log(6/6)n~/?
+é(t,) + (logn)*n=9 + n=“log nlog(6/3) + |a|by).
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Remark. In the rate assumptions R,(n,§) = O(log(1/8)n~Y2), R,(n,§) = O(log(1/§)n=1/2)
and R, (n,0) = O(log(1/d)n"°), the dependence on the tolerance ¢ is the displayed factor
log(1/6): the implied constants and the sample size from which the bounds hold do not
depend on 4. For each fixed ¢ € (0,1/2), the probability guarantee quantifies separately over
every sufficiently large even n. The constants c_ and c, in ¢, = ©(n*0")) are deterministic

and independent of n and the observed sample.

Proof. Fix 6 € (0,1/2) and an even n. Let Er be the uniform nuisance and moment event
from the statement. Its failure probability is at most §/6. Lemma A.1, applied to the
full-input Hill selection at tolerance 0/6, supplies an event £, with failure probability at
most 0/6 on which |5, — v| < b,. Each displayed radial regime gives b, logn — 0 for fixed
0. The first exponent function has derivative 1 — 2s. For the second exponent function the
derivative is 1/(1 + 2v)? when v < 1 and 1/3 when v > 1, and the function is continuous at

v = 1. Both exponent functions are therefore Lipschitz with constant at most 1. On £,

()

= exp{(k(3) — (7)) log n} € [1/2,2]

n'ﬂ(’)’)

for sufficiently large n. The threshold order consequently implies ¢,, € I,,.
Put m =n/2 and r = (1 — Br(7))/2. In the first case fr(y) =1 —2s, so r = s. In the
second case, put a, = min{l, 8}. Then k(vy) = 1/(5 + 2a,) and r = a, /(5 + 2a.) = q. The

Pareto-type model gives 7, =< t~%, whence

N ~ — 2T
T, = Ty, <N , mmy, <N .

Both » = s and r = ¢ are positive. The training and evaluation counts at w,, are binomial

with parameters m, m,, . For either count N, ,

P(N,, < mm,,/2) < exp(—mm,,/8) <4/6

for sufficiently large n. Outside these two failure events, both counts at every threshold
in I, are at least mm,, /2.

Here is uniform sampling control for the IPW score. Conditional on 7T, the evaluation
observations Z; = (X;, D;, Y;, U;) are independent and ¢ is a fixed function. Denote their

conditional law by Pr, and put
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A(t) = Z{¢(Zi)I(Ri >t)— Prl¢I(Ry > )]},  Ct) = Z{I(RZ- >t) —m}.

Introduce an independent conditional copy Z1,...,Z! . Jensen’s inequality first bounds
the conditional expected squared supremum of A by the expected squared supremum of
the difference of the two sample sums. Independent symmetric signs ¢; may multiply these
differences because swapping either member of each independent pair preserves its law.

Applying |a — bJ*> < 2|al? 4 2|b|? to the signed difference gives

2

isigb(Zi)I(Ri >0 |T

=1

E[sup |A(t)|* | 7] < 4E |sup
tel, t

eln

Conditional on the observations, order those with R; > ¢,, by decreasing radius. Each
sum indexed by t € I, is a partial sum of the independent mean-zero signed variables in that
order. The square-integrable martingale maximal inequality bounds its expected squared
maximum by 4. ¢(Z;)°1(R; > ¢,). Hence, on Er,

E[sup |A(#)]* | T] < 16mV 7, .

tely,
Repeating these inequalities with the constant score 1 gives Efsup,c; |C(¢)]? | T] <
16mmy, . Markov’s inequality supplies two events, each with conditional failure probability at

most /6, on which

sup |A(t)| < \/96mVm, /6, sup |C(t)] < \/96mmy, /6.

tely, tely,
Integration over T preserves these failure bounds on Er. The suprema are measurable by
taking a countable dense set of thresholds and the band endpoints.
Let y; = Prl¢ | Ry > t] and M; = >, I(R; > t). On Er, || < vV by Cauchy-Schwarz.
The identity

Z O(Z)I(R; > t) — My, = A(t) — 11,C(¢)

and the evaluation-count bound imply, simultaneously for every ¢t € I,,,
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A 96V7Tgn _r
|77;1?tw — | < 4“ S =0(yV/on™").

It is therefore valid at the selected ¢,, on E,.
To bound the conditional mean, put a = R,(n,0/6), fix ag € (0, 3), and let G = C, +é(t),
where C; bounds |g|. For large n, a < ay and G is uniformly bounded on I,,. Let ¢, be the

score with exponent o and put

77; = E[(f(X> 17U) - f(XvO’ U))/R(D} ‘ RU > t]'

Independence of U from (X, D) gives the treatment probability p(X) after conditioning
on direction and exceedance. Conditional expectation over treatment and outcome therefore

yields

mi(X,Sy) | m§(X, Su)

Prion | B> d — o, =& |0~ 9 { "5 HT,RU>t]_

1-p
Homogeneity gives |m}| < Gy, so overlap and the uniform propensity inequality bound
this difference by (2G;/c)R,(n/2,5/6) = O(log(6/5)n"1/?) throughout I,,.

Taking the conditional outcome mean in the exponent difference gives

p(X)f(X,1,U)
p(X) Ry
(1 - p(X))f(X,0,U)

S i (LR ‘ 7oy 1

Pr(¢ — ¢a | Ry > 1] :EH

Its absolute value is at most (2G;/c)E[R{, — 1 | Ry > t]. The radial integration bound in

Lemma A.3 gives, uniformly for sufficiently large t,

E[RY — 1| Ry > 1] <t*— 1+ Kat®, K =4/(8— a).
On [, logt = O(logn) and alogt — 0. Thus t* < 2 and t* — 1 < 2alogt for large n, and
the exponent contribution is O(log(6/)n= logn).
Homogeneity at the realized radius bounds the difference between 7, and the conditional
angular contrast by 2é(¢). The function v — Ex[g(X,1,v) — g(X,0,v)] is 2L-Lipschitz.
Independence of X and U and the Wasserstein coupling inequality then give
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g, —nl < 2é(t) + A

Lemma A.2 supplies the angular bound, including its logarithmic factors, and the displayed
conclusion retains A4;, itself.

By Proposition 3.3, ON*TF = p/h with h =1 —ay > 0. On Er N E,,

| Yn — ay| < aly + by) + |alb, = Q,, — 0.

For sufficiently large n, @, < h/2. Hence |1 — a@,3,| > h/2, |i,| < 2/h, and exact
reciprocal subtraction gives |fi, — 1/h| < 2Q,/h?. Finally,

AN — T = R G — ) + (i — 1/1).

n,tn n,tn

Combining the sampling, propensity, homogeneity, angular and exponent bounds proves
the claimed display with » = s in the first case and r = ¢ in the second. The contribution
of a from @, is absorbed by alogn, and |«|b, is retained. The uniform nuisance event, Hill
event, two count events and two maximal-process events have total failure probability at

most 6(5/6) = ¢. This establishes a separate guarantee for each sufficiently large even n. [J

Proof of Corollary 3.6. Fix § € (0,1/2) and an even n. Let Er be the joint uniform nuisance
and moment event in the statement. Let £, be the event supplied by Lemma A.1 at tolerance
/6. Each event has failure probability at most §/6. On E,, |7, —v| < b,,. All three displayed
definitions of b, satisfy b, logn — 0 for fixed §. The function v — (1 — 2s)v is Lipschitz with
constant at most 1. The function v — v/(1 + 2min{l,v}) is continuous at v = 1 and has
derivative 1/(1 + 2v)? for v < 1 and 1/3 for v > 1, so it too is Lipschitz with constant at

most 1. Consequently

()

= exp{(r(Yn) — £(7))logn} € [1/2,2]

on F, for sufficiently large n, and hence ¢, € I,,. In particular, the correct radial identity

n”(’Y)
is

0" = nexp{B(F, —7)logn}, 0T =14 0(b,logn)

on this event.
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Put m =n/2 and r = (1 — fr(7))/2. In the first case fr(y) =1 — 2s, so r = s. In the
second case, with a, = min{1, 8}, we have r(y) = 1/(5 + 2a.) and r = a./(S + 2a.) = q.
Thus r > 0 in both cases. The Pareto-type model gives m, < t~# for large ¢, and therefore

—142r 2r
, .

Ty, X My, XN My, XN

The training and evaluation exceedance counts at the deterministic threshold u,, are each
binomial with parameters m,m, . For either count N, , the binomial lower-tail inequality

gives

P(N,, < mm,,/2) <exp(—mm,,/8) <4/6

for sufficiently large n. On the complements of these two failures, both counts at every
t € I,, are at least mm,,, /2.

We next prove uniform sampling control, without conditioning on the selected threshold.
Conditional on 7T, the evaluation observations Z; = (X, D;, Y;, U;) are independent with the
original observation law, and the function v is fixed. Write Pr for this conditional law and
define

A(t) =) {e(Z)I(R; > t) = Pr[¢I(Ry > )]}, C(t) =) {I(R; >1t) —m}.
i=1 i=1
For completeness, an independent conditional copy Z1,...,Z! and Jensen’s inequality

yield

2

E[sup |A(t)]* | T] < E [sup T
tely tel,

D AG(Z)I(R: > 1) = p(Z)I(R; > 1)}

Introduce independent symmetric signs ;. Swapping each independent pair leaves its law
invariant, so the right-hand side equals the same expectation with each difference multiplied

by &;. The inequality |a — b|? < 2|a|* + 2[b|? then bounds it by

2

T

m

4E |sup e W(Z)I(R; > t)
1

tel,

1=
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Conditional on the observations, order those with R; > ¢, by decreasing radius. The
signed sums indexed by t € [,, are among the partial sums of independent mean-zero variables
in this order. The square-integrable martingale maximal inequality bounds their expected
squared maximum by 43" 1(Z;)?1(R; > ). Thus, on Er,

E[sup |A(t)|? | T] < 16mV .
tely,

The same argument with ¢ = 1 gives E[sup,¢; |C(¢)]* | T] < 16mm,,. Markov’s inequality

therefore supplies two conditional events, each with failure probability at most §/6, on which

sup |A(t)] < +/96mVn,, /6, sup |C(t)| < /96mmy, /6.

tel, tely,

These conditional failure bounds also hold unconditionally on Ep by integration. Suprema
of these threshold processes are measurable because they can be taken over a countable dense
set together with the band endpoints.

Write u = Pr[¢p | Ry > t] and My = >, I(R; > t). On Erp, Cauchy-Schwarz gives
|| < V/V. Since

ZWZ-)I (R; > t) — My, = A(t) — mC(1),

the two maximal bounds and the evaluation-count bound imply, simultaneously for every

tel,,
N 96V7Tgn _r
|775§_Mt| §4“ S =0(yV/on™).

This inequality holds at ¢,, on E,.

It remains to bound the conditional score mean. Put a = R,(n,d/6), choose ag € (0, 3),
let Cy bound |g| on its compact domain, and set G; = C, + €(t). For sufficiently large n,
a < ag and Gy is bounded uniformly on I,. Let 1, denote the score with the exponent

replaced by «, and let

7724 = E[(f(X7 LU) - f(X7O7 U))/R?f ‘ RU > t]'

Independence of U from (X, D) and conditional expectation over treatment give
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9(X,1,Sy) —mi(X, Sp) n ?(X,O,SUl) _TB(X> 5v) }‘7’7 Ry > t} :
D -Pp

Prlva | Ro > -1, =B |0~ ») { -
Estimated-propensity overlap and the uniform nuisance event bound its absolute value
by (2/¢)R,(n/2,6/6)Ry4(nt, §/6). The training-count bound and the assumed rates make this
O(log?(6/6)n~"/>") uniformly on I,,.
The exponent calculation in Lemma A.2 is a conditional-mean calculation: taking the

conditional outcome mean first and using homogeneity bounds the exponent difference by

2G,

2G
—— B[R} —1| Ry > 1] < Tt(t“ — 14 Kat"), K =4/(8— ay).

This population inequality holds for every sufficiently large ¢, so it is available throughout
I,,. Since a = O(log(6/d)n ) and logt = O(logn) on this band, alogt — 0. The
inequalities exp(z) — 1 < 2z for sufficiently small x > 0 and t* < 2 show that this term is
O(log(6/§)nc logn).

Homogeneity at every radius above ¢ gives an error at most 2¢é(t). The function v —
Ex[g(X,1,v) — ¢g(X,0,v)] is 2L-Lipschitz. Independence of X and U and the Wasserstein

coupling inequality therefore give

ne, — nl < 2e(t) + Ay,

where 7 is the limiting angular contrast. Lemma A.2 supplies the bound for A;; we retain
that term without suppressing any logarithm.

Finally Proposition 3.3 gives N*TE = n/h, where h =1 —ay > 0. On Er N E,,

|0 — ay| < a(y +bn) + b, =: @n — 0.
For sufficiently large n, @, < h/2, whence |i,,| < 2/h and exact reciprocal subtraction

gives |, — 1/h| < 2Q,,/h*. The product identity

OO — ONETE = (DR — ) + (@, — 1/h)

now proves the stated bound with » = s in the first case and r = ¢ in the second. The term

a in @, is absorbed by alogn, while |a|b, is retained. There are six failure events: the uniform
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nuisance event, the Hill event, the two count events, and the two maximal-process events.
Each contributes at most /6, so their union has probability at most §. No sequence-wide

probability assertion is used. O]

B Experiment Details

In this section, we introduce some details in our experiments. The two baseline estimators

we consider are naive-IPW:

é\ljjlve-IPW _ - Z Y;(A > B 1 ~ X )
T p(X;) — p(X)

and naive-DR:

~Naive— 1 q g Dl _ﬁXZ
gaenn _ L5~ [g(xi, LU) = 5(X00.U0) + (X3)

n,t a ~ (Y;_/g\(XwDuUl))}a
A p(Xi)(1 = p(Xy))

where ny = 37 o I([|Uil] > t) and p(X) and g(-) are the estimated propensity function
and the outcome function respectively. The nuisance estimation of g is obtained by running
a regression Y ~ (X, D,U). We clip the propensity to [107* 1 — 10™%] to ensure the overlap
assumption (?? 2.2). € ~ Unif([—1, 1]) in the data generation in synthetic experiments. We
use sample splitting in our experiment, using the first half for nuisance estimation. In the
experiment, we use the same threshold ¢ for all estimators, which is given by Corollary 3.6. To
choose the threshold, we first use the adaptive Hill estimator Boucheron and Thomas [2015]
to get an estimation of EVI 7, and then set the threshold to be t = 0.25n0n/(1+2min{lAn}) a4
in Theorem 3.5. The approximate exponential @, is coefficient of log(||U]|) in linear regression
log(]Y]) ~ log(]|U||). For the adaptive Hill estimator Boucheron and Thomas [2015], we
follow authors’ choice for hyperparameters and choose I, = 30,7(5) = \/m and

b= min { € (L} and 37 € e, 50 - 3001 > T2

S0y 1 UGl
where (i) = 7 >_;_, log ol
We run logistic regression to estimate the propensity function and use random forest to
model the outcome.
For the semi-synthetic experiment, we apply the same hyperparameter as above to estimate

NETE. We shift the data to make it positive and normalize each dimension by its 10 %
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quantile. The Figure 3 shows the rough distribution of the wavesurge data after these

transformations.

Scatter plot of U

Surge height

Wave height

Figure 3: The scatter plot of wavesurge data.

We now describe how we calculate test-set estimation in our experiments. By the data

generation process,

a1 Qoo
e _ i w5 s g
t—00 taitaz
Wen gee 1
= lim E[——— | |U]| > 4] -
A Bl W01 T ey

where we use Proposition 3.3 in the second equality. We know the ground-truth oy, ay and

we can estimate the EVI ~ using the test set. Suppose the estimated EVI is 7, we set the
threshold to t,, = 0.25n0/(+2min{13}) anq get estimation

W oz 1
ONETE — R [ 2 | ||U|| > ta] - =
test [HUHQH_QZ | || || ] 1 — (al —|—O,/2)")/
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Algorithm 1 Algorithm for NETE Estimation
Require: Dataset D = {(X;, D;, Y;, U;)}-,, threshold ¢, exponent estimation &, estimator

1: Randomly split D into two equal parts D; and D,
2: Using Dy, estimate:

a. Propensity function p(x) via regression of D on X
b. Pseudo-outcome regression §(x,d, s) by regressing Y/||U||* on (X, D,U/||U||)

3: Define index set Z = {i : ||U;|| > ¢, (X, D;,Y;, U;) € Do} and set S; = U /||U;|| for i €
Remark (notation). D = {(X;, D;,Y;,U;)}, denotes the indexed input dataset of
n observations. In Lemma A.2, Lemma A.3: The sample size n is a positive even
integer, and the equal split satisfies |D;| = |Dy| = n/2. In Theorem 3.5, Corollary 3.6,
Corollary A.4: The input size n is a positive even integer; after the random equal split,
indices 1, ...,n/2 designate the training observations and indices n/2+1, ..., n designate
the evaluation observations. D; is the first half of the random equal split of the indexed
dataset D, containing n/2 observations and supplying the observations for nuisance
regression. In Lemma A.2, Lemma A.3: The sample size n is a positive even integer, and
|Dy| = |Da| = n/2. In Theorem 3.5, Corollary 3.6, Corollary A.4: The input size n is a
positive even integer, and after the random split the training observations are indexed
first, so Dy = {(X;, D;, Y;, Uz)}?:/? and n; = Z?ﬁ I(||U;]| > t) counts its exceedances. Do
is the second equal part of the split dataset, used for evaluation, with the equal split
defined for positive even sample sizes n and |D;| = |Ds| = n/2. @, € R is the supplied
approximate value of the outcome scaling index «, obtainable from prior knowledge
or heuristics. In Lemma A.2: @, is measurable with respect to the training split and
independent auxiliary data; for each tolerance ¢, its bound |a, — a| < R,(n,e) holds
jointly with the other nuisance inequalities with probability at least 1 — <. The bound
uses a = R,(n,0/4) < ap for fixed ap € (0,3). In Theorem 3.5: @, is measurable with
respect to 7, the training split and independent auxiliary data. For every fixed ¢ and
tolerance ¢ € (0,1), |a, — a| < R,(n,e) holds on one T-measurable event of probability
at least 1 — ¢, jointly with the other nuisance inequalities, simultaneously almost surely
over the covariate support, conditional direction support and both treatments. The
bound uses a = R,(n,d/12) < ay for fixed ay € (0, ). In Lemma A.3: @, is measurable
with respect to the training split and independent auxiliary data; for every tolerance
g, its inequality |a, — a| < R4 (n,¢) holds jointly with the other nuisance inequalities
with probability at least 1 — . The exponent-error quantity is a = R, (n,0/4) < ao,
where ag € (0, 5) is fixed. In Corollary 3.6, Corollary A.4: @, is T-measurable, where T
consists of the training split and independent auxiliary data, and is the same exponent for

overv input threshold Tts rate <atisfies B (1. d) = O(loo(1/5)n~%) for some fixed ¢. > 0.
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