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Abstract

Recent progress in Neural Causal Models (NCMs) showcased how identification and
partial identification of causal effects can be automatically carried out via training of
neural generative models that respect the constraints encoded in a given causal graph
[51, 3]. However, formal consistency of these methods has only been proven for the
case of discrete variables or only for linear causal models. In this work, we prove the
consistency of partial identification via NCMs in a general setting with both continuous
and categorical variables. Further, our results highlight the impact of the design of the
underlying neural network architecture in terms of depth and connectivity as well as the
importance of applying Lipschitz regularization in the training phase. In particular, we
provide a counterexample showing that without Lipschitz regularization this method
may not be asymptotically consistent. Our results are enabled by new results on the
approximability of Structural Causal Models (SCMs) via neural generative models,
together with an analysis of the sample complexity of the resulting architectures and
how that translates into an error in the constrained optimization problem that defines

the partial identification bounds.
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1 Introduction

Identifying causal quantities from observational data is an important problem in causal inference
which has wide applications in economics [1], social science [20], health care [34, 18], and
recommendation systems [9]. One common approach is to transform causal quantities into statistical
quantities using the ID algorithm [48] and deploy general purpose methods to estimate the statistical
quantity. However, in the presence of unobserved confounding, typically the causal quantity of
interest will not be point-identified by observational data, unless special mechanisms are present
in the data generating process (e.g. instruments, unconfounded mediators, proxy controls). In
the presence of unobserved confounding, the ID algorithm will typically fail to return a statistical
quantity and declare the causal quantity as non-identifiable.

One remedy to this problem, which we focus on in this paper, is partial identification, which aims
to give informative bounds for causal quantities based on the available data. At a high level, partial
identification bounds can be defined as follows: find the maximum and the minimum value that a
target causal quantity can take, among all Structural Causal Models (SCMs) that give rise to the
same observed data distribution and respect the given causal graph (as well as any other structural
constraints that one is willing to impose). Note that in the presence of unobserved confounding,
there will typically exist many structural mechanisms that could give rise to the same observational
distribution but have vastly different counterfactual distributions. Hence, partial identification can
be formulated as solving a max and a min optimization problem [3]
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subject to PM(V) = PM(V), and Gy = G,

where 0(M) is the causal quantity of interest, M™* is the true model, V' is the set of observed nodes,
PM(V) is the distribution of V' in SCM M, C is a collection of causal models and G, is the
causal graph of M (see Section 2 for formal definitions). Two recent lines of work explore the
optimization approach to partial identification. The first line deals with discrete Structure Causal
Models (SCMs), where all observed variables are finitely supported. In this case, (1.1) becomes a
Linear Programming (LP) or polynomial programming problem and tight bounds can be obtained
[37,4,5, 27,44, 45, 40, 8, 53, 55, 14]. The second line of work focuses on continuous models and
explores ways of solving (1.1) in continuous settings using various techniques [24, 32, 29, 38, 3, 41].

Remark (notation). V.= {V;}'¥, is the collection of observed variables; joint-law and function-
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evaluation notation uses their indexed joint values, and V' (¢) is the corresponding collection under
intervention T' = ¢. In Proposition C.1: In the proof, V' = {X,T,Y} consists of the covariate,
treatment, and outcome. P(X') denotes the probability law of X, and P(A) denotes the probability
of an event A under the law in context. In Proposition 4.3: Bare P is the reference probability
measure on the treatment space used in P(dt); p,(t|Pa(1") = z) is the density of the conditional
treatment law v(dt|x) with respect to this same measure. In Corollary 4.4: Bare P is the reference
probability measure on the treatment space with respect to which v(dt|Pa(T") = x) = p,(t|Pa(T") =
x) P(dt). The intervention measure satisfies pi < P and fttf(d,uT /dP(t))*P(dt) < co. In a result
cited in the proof of Lemma E.6: Bare P is an arbitrary Borel probability distribution on X x [0, 1],
where X is standard Borel. The population squared-loss expectation is taken under this P, and
the deviation probability is evaluated in the completion of P™. Bare M denotes an individual
SCM tuple, whereas M (G, F, U) denotes the class of canonical SCMs with causal graph G, the
indicated latent-variable structure, and structural functions f; € F for i € [ny]. In Theorem 4.2:
In the population optimization defining Ezf, M(G, }%(f’ U) uses FX = {f : sup, ||[f(x)|: <
K, Lip(f) < L}, with nonnegative normalized categorical propensity vectors; the latent-law range
consists of independent non-Gumbel laws supported on [— K, K ]d? and fixed independent standard
Gumbel laws for categorical variables. G denotes the graph or function class specified by its local
occurrence. In Proposition 4.3, Corollary 4.4: G has no hidden confounder. In Proposition C.1: G is
the common backdoor causal graph of the constructed models, with no unobserved confounding.
In Theorem 3.3, Corollary 3.8, Proposition C.1, Proposition 4.1, Theorem 4.2, Proposition 4.3,
Corollary 4.4, Proposition B.1, a result cited in the proof of Corollary 3.8: G is the causal ADMG
on V, retaining the structural parent arrows and adding a bidirected arrow between V;, V; when
correlated latent inputs affect the two nodes. In a result cited in the proof of Lemma E.6: G is a
nonempty class of functions g : X — [0, 1] with finite pseudo-dimension v. The covering and
packing numbers use evaluations at arbitrary m points of X in the averaged metric d;(u,w) =
m~1 Y " Ju; — w;|. In aresult cited in the proof of Lemma E.6: G = {g(t,-) : t € T'} # &, where
X, T are standard Borel spaces and g : T' x X — [0, 1] is jointly Borel; no pseudo-dimension
assumption is imposed. The covering number N7V8(r, G, 2m) is the supremum over 2m points of
X of the covering number of the evaluation vectors in the averaged metric (2m)~"' >, Ju; — v;]. C
denotes the locally specified collection, consisting of causal models in partial identification and cubes
in the geometric construction. In Proposition B.2: C = {C', ..., C,,} is a finite collection of axis-

aligned cubes; C,, is the collection of closed cells in the level-n partition of [0, 1]%, and C* = | J°, C,.



f denotes the causal functional when applied to an SCM in (1.1), and a parameter point in the
later optimization and parameterization notation. In Proposition C.2: # is a point of the metric
space (M, d), ranged over ©,,, O, or O in the respective optimization problems. In Theorem 4.2:
In the population causal-model parameterization, § = (fi,..., fn,, P(U1),..., P(U,,)) € M,
M? denotes the represented SCM, and P’ its population distribution; 6; ; denotes the parameters
of the corresponding latent-generator neural network. In the empirical optimization, a candidate
index additionally specifies its network representation: different representations with the same
latent population laws can give different P,fln on the common simulation inputs. In Corollary 4.4:
In the population causal-model parameterization, 0 = (fi,..., fu,, P(U1),...,P(U,,)) € M,
M? denotes the represented SCM, and P its population distribution; 6; ; denotes the parameters
of the corresponding latent-generator neural network. In the empirical optimization, a candidate
index additionally specifies its network representation: different representations with the same
latent population laws can give different Pgln on the common simulation inputs. P denotes the
population-law notation associated with M, evaluated at the variables written in its argument. In
Theorem 3.3: PM(V (t)) is the joint interventional law under T' = t, whereas PM(U) is the joint
latent law. M is the ambient space equipped with the metric d. In Theorem 4.2: In the proof, M =
Fyyx- - xFy, <72, P([-K, K]%"). For continuous V;, Fy, = fg([—K, K% [ K, K] %),
with uniform output 1-norm bound K and Lipschitz bound L. For categorical V;, Fy, = {p :
[~ K, K|%n — A, : Lip(p) < Zf} Here P(A) is the set of probability measures on A, and
d(0,0') = S0, i = filloe + S07, WP(UL), P(UL)).

Recently, Xia et al. [50] formalized the connection between SCMs and generative models (see
also [33] for an earlier version of a special case of this connection). This work showcased that
SCMs can be interpreted as neural generative models, namely Neural Causal Models (NCMs),
that follow a particular architecture that respects the constraints encoded in a given causal graph.
Hence, counterfactual quantities of SCMs can be learned by optimizing over the parameters of
the underlying generative models. However, there could be multiple models that lead to the same
observed data distribution, albeit have different counterfactual distributions. Xia et al. [50] first
analyze the approximation power of NCMs for discrete SCMs and employ the max/min approach
to verify the identifiability of causal quantities, without the need to employ the ID algorithm.
Balazadeh et al. [3] and Hui et al. [30], extend the method in [50] and re-purpose it to perform
partial identification by solving the min and max problem in the partial identification formulation

over neural causal models.



However, for SCMs with general random variables and functional relationships, the approxima-
tion error and consistency of this optimization-based approach to partial identification via NCMs has
not been established. In particular, two problems remain open. First, given an arbitrary SCM, it is
not yet known if we can find an NCM that produces approximately the same intervention distribution
as the original one. Although Xia et al.[50] show it is possible to represent any discrete SCM by an
NCM, their construction highly relies on the discrete assumption and cannot be directly generalized
to the general case. Moreover, Xia et al. [50] use step functions as the activation function in
their construction, which may create difficulties in the training process since step functions are
discontinuous with a zero gradient almost everywhere.

Second, since we only have access to n samples from the true distribution, pM (V'), we need
to replace the constraints in (1.1) with their empirical version that uses the empirical distribution
of samples P! (V) in place of the population distribution and looks for NCMs, whose implied
distribution lies within a small distance from the empirical distribution. Moreover, even the NCM
distribution is typically only accessible through sampling, hence we will need to generate m,,
samples from the NCM and use the empirical distribution of the m,, samples from the NCM in
place of the true distribution implied by the NCM. Thus, in practice, we will use a constraint of the
form d(P"(V'), PX (V') < a,, where d is some notion of distribution distance and cv, accounts
for the sampling error. It is not clear that this approach is consistent, converges to the correct partial
identification bounds, when the sample size n grows to infinity. Balazadeh et al. [3] only show the
consistency of this approach for linear SCMs. Consistency results concerning more general SCMs
is still lacking in the neural causal literature.

Remark (notation). n is a local integer parameter whose role is determined by the indexed objects in
the surrounding passage. In Lemma B.3, Proposition B.2: In the partition notation C,, and the curve
and refinement sequences, n is a level index beginning at 0, with Cy = {C'_;} and C_; = [0,1]%. In
Lemma E.2: n > 1 is the number of mixture components, with component indices k = 1,--- , n.
In Lemma E.3: n > 1 is the number of factors in the product measures. In Lemma E.4: n > 1
is the dimension of X" and the number of positive weights p, and Gumbel coordinates G. In
Proposition C.2: n € N indexes the nested sets, constraint functions, tolerances, and optimization
values, and varies in the limit n — oo. In Proposition B.2: In the local cube-metric definition
C =TI} ,lai, b;] and Cy, = [];_,[a¥, b¥], n is the ambient dimension and i ranges from 1 to n. In
Lemma E.5: n > 1 is the length of the probability vector i1 € A,,, and a transportation plan has n

rows and m columns. In Theorem 4.2, Corollary 4.4: n is the number of observations from the true



distribution and also indexes the approximation and tolerance sequences; the asymptotic limit is
n — oo. In Lemma E.6: n > 1 is the sample size defining y,, and the number of evaluation points in
the empirical covering-number notation N (e, 7, n). In Theorem 3.6: For a component of positive
dimension g = dY, the refinement integer is n = | (W, /A,)Y] > 2 for W, > A,2%, where A, > 1
depends only on ¢ and bounds the clipped network width by A n?; the quantization parameter is
6 = 1/[\/q(q + 1)n(n — 1)] and the mesh is §/n. In a result cited in the proof of Theorem 3.6:
For a component of positive dimension ¢ = dY, the refinement integer is n = [ (W, /A,)Y9] > 2
for Wy > A,29, where A, > 1 depends only on ¢ and bounds the clipped network width by
Agn?; the quantization parameter is 6 = 1/[,/q(¢ + 1)n(n — 1)] and the mesh is §/n. m,, is
a prescribed positive integer sequence, indexed by the observational sample size n, giving the
simulation sample size for each candidate model. In Theorem 4.2, Corollary 4.4: The simulation
sizes satisfy m,, = Q2(n); equality m,, = n is not required. «v,, = €, + s,, is a deterministic constraint
tolerance sequence indexed by the observational sample size n. In Theorem 4.2: o, = €, + s, > 0,
where the positive tolerances €, and s,, are chosen with sufficiently large constants in their displayed
asymptotic orders. In Corollary 4.4: «,, = €, + s, > 0, where the positive tolerances ¢, and s,
are chosen as sufficiently large constant multiples of the respective quantities in their displayed
asymptotic orders. d is local notation for a fixed dimension, a fixed metric, or a regression-difference
function, with its role determined by its defining expression. In Proposition B.2: d is the cube
dimension in the homeomorphism f : [0, 1]¢ — K from Assumption 3.5, rather than the ambient
dimension D; the proof treats d = 0 separately and uses the exponent 1/d only for d > 1. In
Lemma B.3: d is the dimension of the cube [0, 1]? being partitioned. In Theorem 3.6: d is the
ambient dimension of the target law on R?, distinct from the component cube dimensions df. In
Proposition C.2: d : M x M — [0, 00) is the metric of the given space (M, d). In Theorem 4.2: In
the proof’s parameter space, d(0,6") = > ", || fx — filloo + 2252 W(P(Uy), P(Uy)); occurrences
of d in imported distribution bounds retain their local dimension meaning. In Lemma E.6: d is
the common output dimension of the functions in / and the dimension used in the output test-
function covering bound; the input law 1 is on R? . In the result split from Theorem 3.6: d is the
ambient dimension of the target law on R, distinct from the component cube dimensions d$'. In
Proposition 4.3: In the proof’s test-function calculation, s = (a,t) and d(s) = fAy(s) — fy(s) on
the allowed covariate domain @); f, and fy are the structural regression versions for the respective
models. m is a local integer parameter whose role is determined by the objects in the surrounding

passage. In Proposition B.2: In v,,(t) € Cj,—1 for all m > n, m is a later curve level. In

6



Theorem 4.2: In the Sinkhorn comparison, the second probability-vector length is the simulation
count m,,, giving the factor log(nm,,). In the structural interpolation argument, m is the input
dimension of f : [~ K, K|™ — R™; the construction treats m > 1 by triangulation and m = 0 by
exact constant representation. In Lemma E.5: m > 1 is the length of v € A,,, indexing the points
Y1, - - - » Ym, and the number of columns of its transportation plan with © € A,,; it need not count
only positive coordinates or distinct points. In a result cited in the proof of Lemma E.6: m > 1
is an arbitrary integer counting evaluation points in the averaged empirical covering and packing
numbers. In Corollary 4.4: In the structural interpolation argument, m is the input dimension
of f : [-K, K]™ — R™; the construction treats 7 > 1 by triangulation and m = 0 by exact
constant representation. In a result cited in the proof of Lemma E.6: m > 1 is the number of
independent observations (x;, y;) with law P in the empirical squared loss; N7 ®(e/16, G, 2m) uses
2m evaluation points. In Theorem 3.3: In the recurrence argument, m = ny — np is the number
of nonintervened observed nodes. The argument includes m = 0, with an empty geometric sum.
In Corollary 3.8: In the structural extension and approximation construction, m = di, > 0 is the
largest structural input dimension, while m; = di" is the input dimension at node 1.

In this paper, we establish representation and consistency results for general SCMs. Our

contributions are summarized as follows.

* We show that under suitable regularity assumptions, given any Lipschitz SCM, we can
approximate it using an NCM such that the Wasserstein distance between any interventional
distribution of the NCM and the original SCM is small. Each random variable of the SCM is
allowed to be continuous or categorical. We specify two architectures of the Neural Networks
(NNs) that can be trained using common gradient-based optimization algorithms (Theorem 3.6

and Corollary 3.8).

* To construct the NCM approximation, we develop a novel representation theorem of probabil-
ity measures (Proposition B.2) that may be of independent interest. Proposition B.2 implies
that under certain assumptions, probability distributions supported on the unit cube can be

simulated by pushing forward a multivariate uniform distribution.

* We discover the importance of Lipschitz regularization by constructing a counterexample

where the neural causal approach is not consistent without regularization (Proposition 4.1).
» Using Lipschitz regularization, we prove the consistency of the neural causal approach
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(Theorem 4.2).

Related Work There exists a rich literature on partial identification of average treatment effects
(ATE) [37,4, 5,27, 44,45, 40, 8, 53, 55, 14, 7, 39, 26]. Balke and Pearl [4, 5] first give an algorithm
to calculate bounds on the ATE in the Instrumental Variable (IV) setting. They show that regardless
of the exact distribution of the latent variables, it is sufficient to consider discrete latent variables as
long as all endogenous variables are finitely supported. Moreover, they discover that (1.1) is an LP
problem with a closed-form solution. This LP-based technique was generalized to several special
classes of SCMs [44, 8, 27, 46]. For general discrete SCMs, [14, 55, 54] consider transforming the
problem (1.1) into a polynomial programming problem. Xia et al. [50] discover the connection
between generative models and SCMs. They show that NCMs are expressive enough to approximate
discrete SCMs. By setting C in problem (1.1) to be the collection of NCMs, they apply NCMs for
identification and estimation.

For causal models with continuous random variables, the constraints in (1.1) become integral
equations, which makes the problem more difficult. One approach is to discretize the constraints.
[24] uses stochastic process representation of the causal model in the continuous IV setting and
transforms the problem into a semi-infinite program. [32] relaxes the constraints to finite moment
equations and solves the problem by the Augmented Lagrangian Method (ALM). The other approach
is to use generative models to approximate the observational distribution and use some metric to
measure the distance between distributions. [33] first propose to use GAN to generate images. Later,
[29] uses Wasserstein distance in the constraint and transforms the optimization problem into a min
and max problem. Similarly, [3] solves the optimization problem using Sinkhorn distance to avoid
instability during training. They propose to estimate the Average Treatment Derivative (ATD) and
use ATD to obtain a bound on the ATE. They also prove the consistency of the proposed estimator for
linear SCMs. [41] uses a linear combination of basis functions to approximate response functions.
[26] uses sieve to solve the resulting optimization problem in the IV setting. [19] proposes a neural

network framework for sensitivity analysis under unobserved confounding.

Organization of this paper In Section 2, we introduce the notations and some basic concepts
used throughout the paper. Next, in Section 3, we demonstrate how to construct an NCM so that they
can approximate a given SCM arbitrarily well. Two kinds of architecture are given along with an

approximation error analysis. In Section 4, we highlight the importance of Lipschitz regularization



by giving a counterexample that is not consistent. Then, leveraging the previous approximation
results, we are able to prove the consistency of this approach under regularization. Finally, we

compare our method with the traditional polynomial programming method empirically in Section 5.

2 Preliminary

First, we introduce the definition of an SCM. Throughout the paper, we use bold symbols to

represent sets of random variables.

Definition 2.1. (Structural Causal Model) A Structural Causal Model (SCM) is a tuple M =
(V,U,F,P(U),G), where V' = {V;}"V) is the set of observed variables; U = {U;}", is the set
of latent variables; P(U) is the distribution of latent variables; G is an acyclic directed graph

whose nodes are V. The values of each observed variable V; are generated by
V.= f; (Pa(V;),Uy,), whereV; ¢ Pa(V;)and Uy, C U, (2.1

where F' = (f1,---, fu,,), Pa(V) is the set of parents of V' in graph G, and Uy, is the set of latent
variables that affect V;. V; takes either continuous values R% or categorical in [n;]. We extend graph
Go by adding bi-directed arrows between any V;, V; € G if there exists a correlated latent variable

pair (Uy, Up), Uy € Uy, U; € Uy,. We call the extended graph G4 the causal graph of M.

Remark. For distinct observed vertices V;, V;, the “correlated latent variable pair” criterion means
that some U}, € Uy, and U; € Uy, are not independent, with & = [ permitted.

Remark (notation). V;, for i € [ny], denotes the observed variable at node i, and V;(¢) denotes its
value under the intervention T" = ¢, obtained by replacing treatment equations by their assigned
values and recursively evaluating the remaining structural equations. In Proposition C.1: In the
proof, the observed variables are X,7Y and the binary treatment 7" uses the labels 0, 1. For
categorical V;, n; is its positive category count, with category labels [n;] = {1,...,n;}; itis also
the length of its propensity vector and Gy;. U;, j € [ny], denotes a member of the indexed latent
family; under the categorical convention this family is separate from the categorical noise vectors
Gv,. In Theorem 4.2, Corollary 4.4, a result cited in the proof of Theorem 4.2: U;, j € [ny], indexes
the non-Gumbel latent coordinates, with U; € [-K, K ]dg'] and Dy = ngl dg-]. Their population
laws are not required to be uniform; the uniform variables supplied to the latent generators are

separate inputs. U denotes the full latent collection of the SCM, including the separately introduced
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categorical generation noises when the categorical convention is used; Uy, - - - , U, then index
the non-Gumbel part. In Proposition B.1: The original model uses U = {U;,--- ,U,,} UG,
with G = {Gy, : V;is categorical}; canonicalization merges the non-Gumbel variables into
component blocks and retains the categorical noises. In Theorem 3.3, Corollary 3.8, Theorem 4.2,
Proposition 4.3, Corollary 4.4: For canonical SCMs, U = {Uc : C is a C*-component of G} U
{GYy; : Vj is categorical }; the bounded latent coordinates subject to Assumption 3.2 are the non-
Gumbel U;. ny counts the indexed family {U; ;Pgl, with separately adjoined categorical noises
Gy, excluded from that count when the categorical convention is used. In Proposition B.1: ny
counts the original indexed latent variables before merging; the merged latent family is instead
indexed by the no components. Uy, is the designated collection of latent inputs to f;; under
the categorical propensity convention it is a subset of {U, - - - , U, } and excludes the separately
displayed categorical Gumbel noise. In Proposition B.1: For the original SCM, Uy, is its original
latent input subset; the constructed canonical SCM uses merged latent blocks, and the reused f;
ignores coordinates outside that original subset. In Theorem 3.3, Corollary 3.8, Theorem 4.2,
Proposition 4.3, Corollary 4.4: For the canonical SCMs in M(G, F,U), Uy, = {Us : V; €
C, C'is a C%-component of G}. Pa(V;) is the set of directed parents of V; in Gy, excludes V;, and
in structural-function arguments or conditioning expressions denotes the corresponding collection
of parent values. f;, for i € [ny], is the function associated with node V;, evaluated on the values
of its observed parents and designated latent inputs; under the categorical convention it denotes
the nonnegative propensity vector rather than the categorical label. In Corollary 3.8, a result cited
in the proof of Corollary 3.8: The neural approximation argument uses the stated cube-domain
convention for the inputs of f;, with di" and d®" its input and output dimensions. In Proposition B.1:
When the proof reuses f; after merging latent variables into blocks, it denotes the original function
applied to the original coordinates and ignores added block coordinates that were not in Uy;,. For
categorical nodes the original weights satisfy f;(z) € [0,00)™ and || f;(x)||1 > O on their structural
input domain, with log 0 = —oo; the constructed canonical categorical function is the normalized
vector f;/|f:|l1 with coordinates regrouped. Its smoothness is that of this normalized vector:
normalization preserves differentiability order and local Lipschitz regularity wherever the total
weight is positive, and regrouping preserves any global Lipschitz regularity the normalized vector
possesses. In Theorem 3.3: In || f; — ﬁHoo, the structural uniform infinity norm is the supremum
of the coordinatewise infinity norm over the common structural input domain; zero categorical

coordinates use log ) = —oo in the canonical argmax construction. In Theorem 4.2: The proof
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treats f; as an element of Fy, on [—K, K ]dxin with bounded output cube [— K, K| o, imposing
| fi(z)][s = 1 pointwise for categorical nodes; the population bounded Lipschitz class is read as
FE = {f :sup, ||f(2)|l: < K, Lip(f) < L}. In Theorem 3.3, Corollary 3.8, Theorem 4.2,
Proposition 4.3, Corollary 4.4, a result cited in the proof of Corollary 3.8: For the canonical SCM
functions in (3.1), categorical f; are normalized: (f;), > 0 and || f;||1 = 1, so their values lie in A,,,
and their coordinates are the conditional category probabilities given Pa(V;), Uy,. In Theorem 4.2,
1 < K onits full

Corollary 4.4: For every continuous structural function f; of M*, sup, || fi(z)]
structural input domain, and every continuous candidate structural network ﬁ € Fo,n satisfies
the same uniform output 1-norm bound. F'is functional notation whose tuple, scalar-objective,
and push-forward-map meanings are distinguished by context. In Theorem 3.3, Corollary 3.8,
Proposition C.1, Proposition 4.1, Proposition 4.3: In the SCM notation, ' = (f1,- -, fn, ) is the
tuple of functions in the structural equations. In Theorem 4.2: In (4.1) and (4.2), F' : R™ — Ris
the Lipschitz continuous causal objective evaluated on the intervened observed variables, rather than
the tuple of structural functions. In Corollary 4.4: The causal objective is the outcome coordinate
projection (V) = Y. In Lemma E.1: F' : K — R% is a measurable, L-Lipschitz continuous
map, where K C R% is compact. In Proposition B.1: The SCM tuple uses F' = (fy,- - , fn,); in
the proof’s expression V' = F'(U), F instead denotes the map obtained by recursively evaluating
the structural equations, with its intervention version denoted F;. f denotes a locally specified
function, with domain, codomain and regularity supplied by its occurrence, rather than one common
map shared across the paper. In Proposition C.2: f : ©, — R is the continuous objective
minimized in all three optimization problems. In Lemma C.3: f(t) = E,[Y | T = t] is the
population regression function, taken in the L-Lipschitz version specified by the hypothesis, with
|f(t)] < K. In Lemma E.2: In the proof, f : R¢ — R ranges over 1-Lipschitz test functions in
the Wasserstein dual formulation. In Lemma E.5: In the proof, f(z) = —xlogx is the concave
scalar function used on transportation-plan entries in [0, 1], with its continuous value f(0) = 0. In
Theorem 3.3: In the categorical step of the proof, the unindexed f denotes the structural propensity
function at the node currently being compared, and p = f(pa(v), wy, ). In Lemma E.6: f ranges
over the fixed class F of measurable maps R — R?, with ||f(z)||c < K for every z; each
scalar coordinate class F; = {x — f;(x) : f € F}, j € [d], has pseudo-dimension less than
dr < oo. There are a standard Borel space 7" and a jointly Borel map G : T x RY — [-K,K]?
such that F = {G(t,-) : t € T'}. Probabilities of uniform deviation events are evaluated in the

completion of the sample law. In the result split from Theorem 3.6: In the lower-bound assumption,
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f€H([0,1]%, K) N FL([0,1]% K) is a Lipschitz homeomorphism satisfying P(f(B)) > C;A(B)
for measurable B C [0, 1]%; when applied componentwise, the support and measure are those
of the component. In Proposition B.2, Corollary 3.8, Theorem 4.2, Corollary 4.4: In the lower-
bound assumption, f € H([0,1]¢, K) N F; ([0, 1]¢, K) is a Lipschitz homeomorphism satisfying
P(f(B)) = C;A(B) for measurable B C [0, 1]%; when applied componentwise, the support and
measure are those of the component. In Theorem 4.2: In the proof’s optimization parameterization,
f(0) = Eyopr Epgo[F(Vi(2), ..., Va, (t))] is the population intervention objective on the model
parameter space, distinct from the structural functions f; and the homeomorphism in the lower-
bound assumption. In Proposition 4.1, Proposition C.1: For each non-Gumbel latent law [P and each
connected support component C; of positive mass, the lower-bound assumption uses a Lipschitz
homeomorphism f € H([0,1]%,C;) N Fr([0,1]¢, C;) satisfying P(f(B))/P(C;) = CyA\(B) for
every measurable B C [0, 1]%.

When we write Pa(V}), we refer to the parents of V; in the Gy. To connect with the literature, the
causal graph we define is a kind of Acyclic Directed Mixed Graph (ADMG), which is often used
to represent SCMs with unobserved variables [48]. Note that we allow one latent variable to enter
several nodes, which differs from the common definition. We use n;; and ny to denote the number
of latent variables and observable variables. Let I' C V be a set of treatment variables. The goal is
to estimate causal quantities under a given intervention T' = ¢. Formally, the structural equations of

the intervened model are

Vi(t) = fi (Pa(V;),Uy;), VV; ¢ T.

We denote V;(t) to be the value of V; under the intervention T' = ¢ and PM(V (¢)) to be the
distribution of V'(t) in M. The notion of a C*> component [50] is defined as follows.

Definition 2.2 (C?-Component). For a causal graph G, a subset C' C V is C?-component if each

pair V;, V; € C is connected by a bi-directed arrow in G and C' is maximal.

Remark. C'is a C%-component precisely when it is inclusion maximal among subsets of V' whose
distinct vertices are pairwise joined by a bidirected arrow.

We provide a concrete example in Section A to explain all these notions. We will make the
following standard assumption about the independence of latent variables. Note that since we allow

latent variables to enter in multiple structural equations, this is more a notational convention and not
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an actual assumption. Also note that under this convention a bi-directed arrow essentially represents
the existence of a common latent parental variable.

Remark (notation). The meaning of C' is determined by its local definition: a graph component,
a geometric set, a numerical constant, or the complete categorical label vector. In Theorem 3.3,
Corollary 3.8, Proposition C.1, Proposition 4.1, Theorem 4.2, Proposition 4.3, Corollary 4.4,
Proposition B.1: In canonical latent indexing, C' C V' is maximal subject to every pair of distinct
vertices in C' being joined by a bi-directed arrow in G. In Theorem 3.6, Corollary 3.8, Theorem 4.2,
Corollary 4.4: In the distribution-generator construction, C; denotes a connected component of
supp(PP), with supp(P) = ¢ C; and H([0, 1%, C;) N F.([0, 1], C;) # 0. In Proposition B.2:
In the partition construction, C' = [[?"_,[a;, b;] is an axis-aligned cube; indexed sets C;, ;. are
the closed cells of the constructed partitions of [0, 1]¢. In Lemma E.6: C' > 0 is a deterministic
numerical constant depending only on d, K in the probability bound. In Theorem 4.2, Corollary 4.4:
In numerical probability and tolerance bounds, C' > 0 denotes a deterministic constant rather
than a set of observed vertices. In Proposition 4.1, Proposition C.1: In the lower-bound premise
for each non-Gumbel latent law P, C; denotes a connected component of its support, and the
assumption is applied with K = C; to the normalized component law P|c, /P(C;) wherever
this normalization is defined. In Theorem 4.2, a result cited in the proof of Theorem 4.2: In
the latent empirical concentration argument, C' denotes the complete categorical label vector,

with values ¢ € ] [ni]; p. = P(C = ¢), N. is its observational sample count, and

i:V; is categorical
pe = P((Uy,...,Uy,) | C =c)forp. > 0. t = (t;)1,er assigns treatment values to the chosen
set T' C V by replacing each treatment structural equation with 7; = ¢;. In Proposition C.1,
Proposition 4.1: For the displayed ATE contrast, T' = {7'} and the assigned treatment value is
1. In Proposition 4.3: The intervention is on the single treatment 7°, and its value ¢ ranges over
[t1, 2] in the displayed integral. In Corollary 3.8: For the fixed R > 0 chosen before M\ each
continuous treatment coordinate satisfies ||¢;||.c < R, and each categorical treatment coordinate
belongs to its declared set [n;]. T is locally specified as a treatment variable, a transportation map,
a transportation plan, or a standard Borel parameter space. In Lemma C.3: T is the treatment
coordinate of (T,Y") ~ v; conditioning in f(¢) is on T' = ¢. In Proposition C.1: T is the binary
treatment in the proof, taking values 0 and 1, with the conditional probabilities specified by the
displayed structural equations. In Lemma E.4: T : A,, — A,, sends z to the one-hot vector at

the first coordinate attaining max; x;; it is a transportation map, rather than a treatment variable.

In Proposition 4.3, Corollary 4.4: T denotes the treatment node, and Y (¢) denotes the outcome
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under the fixed intervention 7' = ¢. In Lemma E.5: T = (7;;) € II(u,v) is a nonnegative
n X m transportation plan satisfying > ; Tij = i and >.; Tij = v;. The minimizations defining
the transport costs range over I1(1, v); the entropy maximum displayed in the proof ranges over
plans attaining the unregularized optimal cost W (u, ). In Lemma E.6: T is a standard Borel
parameter space, and G : T x R¥ — [~ K, K]% s jointly Borel with F = {G(t,") : t € T}. It
is not a treatment variable. In a result cited in the proof of Lemma E.6: In the cited squared-loss

formulation, 7" is a standard Borel parameter space for a jointly Borel map g : 7' x X — [0, 1], with

G=A{g(t,"):teT}# 2.
Assumption 2.3. All the latent variables in U are independent.

To deal with categorical variables, we assume that latent variables that influence categorical
variables contain two parts: the shared confounding that influences the propensity functions and the

independent noise that generates categorical distributions.

Assumption 2.4. The set of latent variables consists of two parts U = {Uy, - - - , U, }U{GY; : V; is categorical }.
Precisely, if V; € V is a categorical variable, the data generation process of V; satisfies V; =

arg maXye|n,] {gX + log (fi (Pa(V;),Uy;)),.} ~ Categorical(f;/| fi||1), where Gy, = (977, L 9)

are i.i.d. standard Gumbel variables, Uy, C {Uy,--- ,U,, }.

Remark. Writing x = (Pa(V;), Uy,), the displayed law means P(V; = k | z) = (fi(z))x/|| fi(z)]]1
for the nonnegative weight vector defining the categorical distribution, with zero coordinates
interpreted using log 0 = —oo.

Remark (notation). Gy, = (9)', ..., g,‘f) is present for categorical V; and consists of standard
Gumbel coordinates furnishing that node’s categorical-generation noise, separately from the latent
inputs Uy; of its propensity function. g denotes a real-valued function on the domain specified
by its local use. In Theorem 3.3: In the proof, g ranges over real-valued 1-Lipschitz Wasserstein
dual test functions of (u,t,vy,...,v;). In Lemma E.I: In the proof, g : R% — R is an arbitrary
1-Lipschitz test function. In Lemma C.3: In the proof, g ranges over real-valued 1-Lipschitz test
functions of (¢, y) in the Wasserstein dual formula. In Proposition C.2: ¢ : O, — R is the limiting
constraint, with supgcg__ |9(0) — g(6)| < dy; its zero set defines the limiting feasible regions. In
Theorem 4.2: g(6) = W (P? (V), P?(V')) is the population observational discrepancy, rather than
an empirical discrepancy. In a result cited in the proof of Lemma E.6: g ranges over functions in a

nonempty class G C {g : X — [0, 1]} with finite pseudo-dimension v. No Lipschitz condition on ¢
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is specified. In a result cited in the proof of Lemma E.6: g : T' x X — [0, 1] is jointly Borel, where
T and X are standard Borel spaces, and G = {¢(t, ) : t € T} # @. For each t € T, the squared
loss is (g(t, z) — y)*. No pseudo-dimension bound or Lipschitz condition on g is imposed.

This convention is without loss of generality at this point, but will be useful when introducing
Lispchitz restrictions on the structural equation functions. The Gumbel variables in the assumption
can be replaced by any random variables that can generate categorical variables. It can be proven
that all discrete SCMs satisfy this assumption. Note that we implicitly assume that all categorical
variables V; are supported on [n;] for some n;. It is straightforward to generalize all results to any

finite support. Next, we introduce Neural Causal Models (NCMs).

Definition 2.5. (Neural Causal Model) A Neural Causal Model (NCM) is a special kind of SCM
where U = {Uy, ..., U,, }U{GYy, : V; categorical }, the scalar coordinates of all the U; are mutually
independent with common Unif ([0, 1]) law, and U; groups the indicated finite number dY of these
coordinates, so that U; ~ Unif([0,1]% ). All coordinates of the Gy, are independent standard
Gumbel variables, independent of all uniform coordinates. The continuous structural maps and the
categorical propensity-weight maps f; in (2.1) are Neural Networks (NNs); categorical values are
generated from these weights by the Gumbel argmax rule. The weights are nonnegative and have

strictly positive sum, with log 0 = —o0.

Remark (notation). U; denotes the index-¢ random variable in the locally specified latent or generator-
input family. In Corollary 3.8: In the SCM notation, U; is a non-Gumbel latent variable of the
model being approximated, with its own latent dimension and population law; scalar uniform
variables appearing in the component-generator construction are inputs used to approximate that
law. In Theorem 3.6, the result split from Theorem 3.6: In the component-generator construction,
U; ~ Unif([0, 1)) for i € [N¢]; ¢ indexes connected support components, and U is the scalar input
to g¢. In a result cited in the proof of Theorem 3.6: In the component-generator construction,
U; ~ Unif([0, 1]) for ¢ € [N¢|; ¢ indexes connected support components, and U; is the scalar input
to g. In a result cited in the proof of Theorem 4.2: U;, i € [ny], is a non-Gumbel latent variable
with values in [— K, K ]dzU under the locally specified model law P? or P?"; the scalar uniform
generator inputs are Z; ;. The vector (U1, . .., Uy, ) has total dimension Dy = > 1Y, dY.

The definition of NCMs we use is slightly different from that in [51] because we need to deal

with mixed variables in our models. In (1.1), we usually take C to be the set of all SCMs. However,

it is difficult to search over all SCMs since (1.1) becomes an infinite-dimensional polynomial
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programming problem. As an alternative, we can search over all NCMs. One quantity of common

interest in causal inference is the Average Treatment Effect (ATE).

Definition 2.6. (Average Treatment Effect). For SCM M, the ATE at T' = t with respectto T" = ¢,
is given by ATE y((t) = Eywpn[Y (t) — Y (0)].

Remark (notation). t, assigns the reference values to the same treatment set ' as t in E,, . p() Y (t)—
Y (to)]. In Proposition C.1, Proposition 4.1: The reference intervention is 7" = 0. Y denotes the
random quantity specified by the local model or joint law, with the outcome and coupling uses
distinguished below. In Proposition C.1, Proposition 4.1, Proposition 4.3, Corollary 4.4: Y is
the scalar outcome node of the SCM, and Y (¢) is its value after replacing the treatment equation
by T' = t. In Lemma C.3: Y is the second coordinate of (7,Y) ~ v, and f(¢) is a version of
E,[Y | T = t]. In Corollary 4.4: The objective selects the outcome coordinate, (V') = Y. In
Lemma E.3: In the proof, Y = (Y3,...,Y,,) is the second product-coupled vector; (X, Yy) ~ mx,
where 7, couples /i, and Jix, so Y has law i. ATE y(t) = Eyp@)[Y (t) — Y (%0)] is a population
contrast between the two intervened outcomes in the same SCM. In Proposition C.1, Proposition 4.1:
The argument suppressed in ATE  is T' = 1, and the reference intervention is 7" = 0.

Partial identification can be formulated as estimating the solution to the optimization problems
(1.1) [3]. The max and min values F' and F define the interval [F, F] which is the smallest interval
we can derive from the observed data without additional assumptions. In particular, if F = F, then
the causal quantity is point-identified.

Notations. We use ||- ||, || - || for the 1-norm and co-norm and [n] for {1, --- ,n}. Bold letters
represent sets of random variables. We let F (K7, K5) be the class of Lipschitz L-continuous
functions f : K7 — K,. We may omit the domain and use F;, when the domain is clear from context.
Let H (K, K3) be the set of homeomorphisms from K7 to K5, i.e., injective and continuous maps
in both directions. We define e(Fy, F2) = supy,c 7, infy, e 7, || f2 — f1]| for function classes F, Fo.
We use standard asymptotic notation O(-),(-). Given a measure p on R% and a measurable
function f : R — R%, the push-forward measure f4 is defined as fuu(B) = u(f~1(B)) for
all measurable sets B. We use P(X) to represent the distribution of random variable X. Let A, =
{(p1,--- ,pn) : >oiypi = 1,p; > 0} be the probability simplex. We use Categorical(p),p € A,
to represent categorical distribution with event probability p. We let W (-, -) be the Wasserstein-1
distance and S, (p, ) be the Sinkhorn distance [12] with regularization parameter A > 0.

Remark (notation). (JFy, F) denotes the directed approximation error supy, . 7, infy, c 7, || fa — f1ll,
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whereas a bare € > 0 denotes a local positive real tolerance. In Proposition 4.1, Proposition C.1: €
is arbitrary and positive, and specifies the requested upper bound on W (PM" (V), PM<(V)). In
Lemma E.3: In the proof, € is the positive slack in each chosen coupling’s transportation cost and
is subsequently taken to zero. In Proposition C.2: In the proof, € is a positive gap witnessing a
hypothetical subsequence with f; < f* — €. In Corollary 4.4: The statement introduces ¢ > 0
without assigning it any further role. In the empirical concentration argument of the proof, a
local deviation tolerance is chosen as ¢ = C'r,,, together with o = r,,, for sufficiently large n. In
Lemma E.6: € > 0 1s the deviation tolerance and also the unnormalized covering radius when
it appears in N (e, F,n); the probability bound is for each fixed pair d,¢ > 0. In the proof,
for 0 < € < 2dK, the normalized squared-loss tolerance is 7 = €/(2d/K). In a result cited in
the proof of Lemma E.6: 0 < ¢ < 1 is the covering and packing radius in the averaged metric
di(u,w) = m™ 'Y |u; — w;|. In a result cited in the proof of Lemma E.6: 0 < € < 1 is the
deviation tolerance for the absolute difference between population and empirical squared loss;
the covering radius is €/16 on 2m evaluation points. In Corollary 3.8: In the scalar inequality
| max{e, 2} — p| < max{e, |z — p|}, € = 0 is an arbitrary floor parameter; the inequality is then
applied coordinatewise with € = ¢;. In Theorem 4.2: In the empirical concentration argument, the
local deviation tolerance is chosen as € = Agr,,, together with § = r,,, for sufficiently large n. p
denotes a measure on the domain specified by its local use, rather than a single source measure on a
globally fixed Euclidean space. In Lemma E.1: p is a probability measure supported on the compact
set K C R“. InLemmaE.3: = pu; ® -+ - ® py, is the product of the stated component measures.
In Lemma C.3: f is the joint law of (f, }A/), and f(t) is the conditional expectation under this law.
In Proposition 4.3: 1 is the observational distribution of M. In Lemma E.5: € A, is the weight
vector of a finite probability measure on the supplied points x4, . .., z, in the common Euclidean
ground space. In Lemma E.6: y is the population probability measure on R whose empirical
distribution is p,,. v denotes a probability distribution, represented by its probability vector when
its domain is finite, with the ambient domain specified locally. In Proposition 4.3: v = PM(V)
is the observational law of M. In the proof, v, is its marginal on the observed nondescendants
A of T, excluding 7', and X = Pa(T) is a subvector of A. The conditional treatment laws satisfy
v(idt | A=a)=v(dt| X =z) =p,(t| X = x)P(dt), where x is the X subvector of a. In
Lemma C.3: v = P(T,Y) is the joint law of (7', Y"), while v(dt) in the integral denotes its treatment
marginal. In Lemma E.5: v = (vq,...,v,,) € A, is the weight vector representing the finite

probability measure Z;n:l v;0,,; the points y; and the points z; representing y lie in a common
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Euclidean space, with ground distance ||z; — y;|| given by the 1-norm. In Theorem 3.6, the result
split from Theorem 3.6: 7 is the distribution of the Gumbel-softmax weight vector w7, and /° is
the distribution of its limiting one-hot vector. The notation W (u, v) denotes Wasserstein-1 distance
between measures on the same underlying space, whereas IV in a network architecture argument
denotes an integer width. In a result cited in the proof of Corollary 3.8: In a w(cW 2/ di‘"), W is
the number of weights of the scalar approximating network, rather than its width; at fixed width
2di" + 10, this weight count grows linearly in the depth L. A is a positive scalar when it indexes
a regularized transport functional and a reference measure when it occurs in a push-forward or
measure-domination expression, with its reference domain specified locally. In Theorem 3.6: In the
push-forward expression, A is Lebesgue measure on [0, 1]V¢; in the componentwise construction, it
is the uniform measure on [0, 1]. In Proposition B.2: For the curve’s push-forward, A is Lebesgue
measure on [0, 1]; in expressions A\(B) with B C [0, 1]%, it is d-dimensional Lebesgue measure. In
Lemma E.5: A > 0 is the scalar regularization parameter. In the result split from Theorem 3.6: In
the push-forward expression, ) is Lebesgue measure on [0, 1]¥¢; in the componentwise construction,
it is the uniform measure on [0, 1], and in the lower-bound premise it is Lebesgue measure on the
corresponding cube. S, is the debiased regularized transport functional obtained by subtracting
half of each self-comparison from W »(y, v). In Lemma E.5: The arguments are finite probability
measures represented by their weights and support points, with ¢;; = ||z; — y;|| for the 1-norm.
Here Wi (p,v) = minrenqn{d_, ; cijTi; — A(T)}, where I(u, v) is the set of nonnegative
transportation plans with marginals 11, v, and h(T') = 1, . Ti;log Ti; with Olog 0 = 0. Both self
terms use this same convention and the same 1-norm ground distance on their corresponding support
points. L denotes a nonnegative Lipschitz bound with respect to the paper’s 1-norm when used in a
Lipschitz condition or 7, and an integer depth when used as the depth argument of a neural network
class. In Theorem 3.3, Corollary 3.8, Proposition 4.3: In the SCM class M(G, F, U), L bounds the
continuous structural functions and the categorical propensity functions, rather than the categorical
arg max maps. In Lemma E.1: L is a Lipschitz bound for F’; the hypothesis does not impose that
bound on F'. In Lemma C.3: L is a common Lipschitz bound for the regression functions f and
f. In Proposition B.2, Theorem 3.6: In the support assumptions, L bounds the homeomorphisms
from the unit cubes to the support sets; it is not a Lipschitz bound for the resulting space-filling
curves. In Theorem 4.2: In F f and EL, L bounds the Lipschitz constants of the continuous
structural functions and normalized categorical propensity vectors of population candidate SCMs,

with respect to the paper’s 1-norm; the class also requires sup, || f(z)][; < K on the full structural
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input domain. The conclusion evaluates this parameter at L . In the result split from Theorem 3.6:
In the support assumptions, L bounds the homeomorphisms from the unit cubes to the support
sets; it is not a Lipschitz bound for the resulting space-filling curves. F (K, K) denotes the class
of maps f : K; — K, with Lipschitz constant at most L, using the paper’s 1-norm convention,
with the arguments supplied by context when omitted. H (K7, K5) denotes homeomorphisms from
K, onto K5, while an explicit local definition of unparameterized H supplies its function class.
In Lemma E.6: In the proof, H = {h: h € Fi([-K, K% [-K,K]?), h(0) =0}, and H; is a
0-net of this class in the /., norm. F denotes a function class whose domains and codomains
are supplied by its local use. In Theorem 3.3, Corollary 3.8, Proposition C.1, Proposition 4.1,
Theorem 4.2, Proposition 4.3, Proposition B.1: In M (G, F,U), F specifies the allowed structural
functions, with f; € F for ¢ € [ny]; each function has the input and output dimensions of its
structural equation. In Lemma E.6: F is a class of measurable maps f : RY — R Each
scalar coordinate class F; = {x — f;(x) : f € F}, j € [d], has pseudo-dimension less than
dr < 0o, and || f(z)|lc < K forevery f € F and z € R?. There are a standard Borel space
T and a jointly Borel map G : T x RY — [~K, K|¢ such that F = {G(t,") : t € T}. K is
a context-dependent bound or compact set: numerical occurrences are positive bounds, whereas
set-valued occurrences specify the compact domain or support of a measure. In Theorem 3.3,
Corollary 3.8, Proposition C.1, Proposition 4.1, Theorem 4.2, Proposition 4.3, Corollary 4.4: In the
boundedness assumption, K > 0 satisfies max;c, ] jeino] || Villso, [|Ujllc } < K the indexed U
are the latent variables separated from the categorical Gumbel noises. In Lemma E.1: K C R%
is the compact set carrying p and 7 and the common domain of F' and F. In Lemma C.3: K
bounds the regression functions: |f(¢)| < K and \f(t)\ < K. In Proposition B.2, Corollary 3.8,
Proposition C.1, Proposition 4.1, Theorem 4.2, Corollary 4.4, the result split from Theorem 3.6:
In the lower-bound support assumption, K C RP” is compact and supports the measure under
consideration; f € H([0,1]¢, K) N FL([0,1]%, K). This set-valued occurrence is distinct from a
numerical boundedness constant. In Theorem 4.2: In the explanatory notation P(K), K is the set
on which probability measures are defined; in the displayed factors P([— K, K| 4 ), the K inside
the cube endpoints is the numerical boundedness constant. In Theorem 4.2, Corollary 4.4: In the
truncated neural classes, numerical K is the clipping level in max{— K, min{ f, K'}} and is the
boundedness constant chosen for the underlying SCM. Every true continuous structural function
and every candidate continuous structural network additionally satisfies sup, || fi(z)|; < K and

sup,, ||ﬁ(x) |1 < K, respectively, on its full structural input domain. The limiting structural class
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retains FX = {f : sup, || f(z)|y < K, Lip(f) < L}. In Lemma E.6: K > 0 is the uniform output
bound || f()||o < K forevery f € F and every x € R?; consequently the outputs lie in [~ K, K]°.
In Proposition C.1: For each non-Gumbel latent law P with support components C;, Assumption 3.5
applies to every normalized component law p; = P|¢, /P(C;) with the compact support set K = C;.
In Proposition 4.1: For each non-Gumbel latent law [P with support components C;, Assumption 3.5
applies to every normalized component law 1; = P|¢, /P(C;) with the compact support set K = C;.
In Corollary 3.8: For each non-Gumbel latent law P = P(U¢) with support components C;, the
c./P(C;)
with compact support set K = C;. Its chart f : [0,1)% — C; satisfies (f1)4xp(0[0,1]%) = 0

lower-bound support assumption applies to each normalized component law p; = P

when d¢ > 0. F is function-class notation whose subscript can be a class identifier or the
Lipschitz constant in the previously defined notation F; (K, K3). In Corollary 3.8, Theorem 4.2:
As the second argument of NCMg(Fy, 1), the class restricts the latent generators, with input
and output dimensions omitted from the notation. In Theorem 4.2: The latent-generator class is
Fin = NNE(©O(dY,.), L1.n,0((dY,)?), Lo, Tm), a class varying with n. d; denotes a locally
specified input or source dimension, including the input dimension in NN 4, 4,, or an explicitly
specified averaged metric on evaluation vectors. In Lemma E.1: K C R% is the common domain
supporting 4 and jz. In Theorem 3.6: In the proof’s notation for the combined maps g;, d; = 1. Ina
result cited in the proof of Lemma E.6: d; is the averaged metric on length-m evaluation vectors,

di(u,w) = L 3" |u; — wy|, with m a positive integer. In a result cited in the proof of Lemma E.6:

; in the

d; is the averaged metric on length-N evaluation vectors, d;(u, w) = % sz\il lu; — w;
covering number appearing in the probability bound, N = 2m. d denotes the locally specified
output or target dimension of a map, including the output dimension in NNy, 4,. In Lemma E.1:
F, F: K — R% so ds is their common target dimension. In Theorem 3.6: In the proof’s
notation for the combined maps g;, ds = d. p; denotes a nonnegative scalar weight indexed by the
coordinates, mixture terms, or partition cells of the local construction. In Theorem 3.6: p; = P(C})
fori € [N¢], and ) f\; ¢ pi = 1; these are the probabilities used to combine the support components.
In Lemma E.2: py, ..., p, € [0, 1] are arbitrary mixture weights satisfying Y ,_, pr = 1, with no
requirement that they be masses of connected support components. In Lemma E.4: p;,...,p, >0
are arbitrary positive softmax weights; normalization is not required in the statement. The proof
normalizes them without loss of generality, and the limiting categorical probabilities are p;/ > ;' _, p.
In Lemma E.5: In the probability-simplex notation, p; is a coordinate satisfying p; > 0 and

> i, pi = 1. In Theorem 3.3: In the categorical case of the proof, (p1,...,pn,) = f(pa(vy), uy,)
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is the conditional categorical probability vector evaluated at the displayed parent and latent values;
its coordinates are nonnegative and sum to one. In Proposition B.1: In the probability-simplex
notation, p; is a coordinate satisfying p; > 0 and Y |, p; = 1. In the result split from Theorem 3.6:
pi = P(C;) for i € [Ng], and S N¢ p; = 1; these are the probabilities used to combine the
support components. In Proposition B.2: In the printed partition construction at level n + 1,
pi = P(Co,, ) for 1 < i < 20*D4. Here P is the reduced cube measure and Co,, ., (;) is an
ordered partition cube. These masses give the lengths of the corresponding parameter intervals and
the denominators in the polygonal curve; domination by Lebesgue measure makes them positive. In
Theorem 4.2: In the latent approximation construction, p; denotes the probability mass of component
C; under the particular latent target law being approximated. These component probabilities sum
to one and weight the component approximation errors and the hard selected mixture. In the
categorical measurability argument, p; instead denotes coordinate ¢ of the categorical propensity
vector evaluated at the structural input; these coordinates are nonnegative and sum to one, and zero
coordinates are allowed. A,, denotes a subset of R™ whose coordinates sum to one. In Lemma E.5:
A, =A{(p1,...,pn) € R": X" p; =1, p; > 0} is the probability simplex. In Lemma E.4: In
the proof, A, = {(z1,...,x,) € R" : >°)_, x; = 1} is the domain of the transportation map; the
vectors X7 and X themselves have nonnegative coordinates. In Theorem 3.3, Proposition B.1:
A, =A{(p1,-..,pn) € R" : X7 ' p; = 1, p; > 0} is the probability simplex. B is a locally
specified measurable test set or positive scalar bound. In the result split from Theorem 3.6: In the
componentwise lower-bound premise, B ranges over measurable subsets of [0, 1]dic ; the component
measure and its parameterizing map satisfy the domination inequality of Assumption 3.5 on these
sets. Separately, in the proof’s clipping and mixing estimates, B > 0 is a fixed scalar chosen so that
every support component lies in [— B, B]%, and the second-block outputs are clipped into this box. In
Proposition B.2, Corollary 3.8, Proposition C.1, Proposition 4.1, Theorem 4.2, Corollary 4.4: In the
lower-bound premise, B ranges over measurable subsets of [0, 1]¢ and P(f(B)) > C;\(B); for a
component with dimension d¢, the corresponding test sets lie in [0, 1]‘1?. In Proposition 4.3: B is the
scalar bound B = K (1 + 2qL,), where ¢ = Y, 1/ i continuous i + [{7 : Vi is categorical}| and L, =
(LD + 1)™;itenters Cyy = 4L,B + 2B max{L,, 1}. In Theorem 3.3, Lemma E. 1, Theorem 3.6,
Lemma E.6, a result cited in the proof of Lemma E.6: In a push-forward expression f4(B), B is an
arbitrary measurable subset of the codomain of f. In Theorem 3.3: In the proof’s error recurrence,
B = max ({1} U{d; : V; is continuous} U {n;(n; — 1)/2 : V; is categorical}). In Theorem 4.2:

In the proof’s model-comparison recurrence, B is a fixed positive bound on the coefficients of
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the structural approximation errors, chosen together with A > 1 so that e, < Aey + Bd(6,0').
Separately, in the derivation of the pseudo-dimension bound, B = C'H?, where H,, = 14+Lipn+Loy
and C' is the constant in that derivation; this latter scalar may vary with n. In Corollary 3.8: In the
structural extension and approximation construction, B = ByH™V, where m = d;gax, H=14+2Lm,
and By = max ({1, R, K'} U {n; : V; is categorical } U {|| fi(a;)||o : V; is continuous}); a; has zero
in each real input coordinate and one in each categorical input coordinate. This fixed positive scalar
is independent of the intervention and network budgets and defines the structural input cubes
Q; = [—B, B]™. In Corollary 4.4: In the proof’s model-comparison recurrence, B is a fixed
positive bound on the coefficients of the structural approximation errors, chosen together with
A > 1sothat epy < Aep + Bd(0,0'); it is independent of the sample size and the compared
model parameters. || - || denotes the infinity norm on vectors and its uniform extension to
functions: || f|lec = SUP,cdom(p) IIf(7)[l- S denotes the auxiliary object defined locally in its
surrounding argument. In Theorem 3.3: In the proof, S = > ||fi — ﬁ”oo is the summed
structural-function approximation error. In Corollary 3.8: In the categorical normalization argument,
at the structural input = (pa(vy), uy, ), S = Hﬁ(:c) — fi(x)]| s> where f;(x) is the normalized true
propensity vector and ﬁ(x) is the unnormalized nonnegative approximant. The comparison is with
f,(x) il ﬁ(:p) |l wherever its denominator is nonzero. In Lemma E.6, a result cited in the proof of
Lemma E.6: S in MV (¢, S, || ||1) is the set to be covered; the unnormalized empirical construction
uses {(f(z1),..., f(xn)) : f € F} for specified input points. For N7"®(e, G, m), the evaluation set
is instead {(g(z1),...,9(zm)) : g € G}, equipped with d (v, w) =m™ Y7 | Ju; — w;|. In a result
cited in the proof of Lemma E.6: The set covered in N7V8(r, G, N) is S = {(g(z1),...,9(zn)) :
g € G} for specified evaluation points, equipped with dy (u, w) = N=' 32 |u; — w,]; the bound

uses N = 2m.

3 Approximation Error of Neural Causal Models

In this section, we study the expressive power of NCMs, which serves as a key ingredient in proving
the consistency result. In particular, given an SCM M?*, we want to construct an NCM M such that
the two causal models produce similar interventional results. Unlike in the discrete case [4, 50],
latent distributions can be extremely complicated in general cases. The main challenge is how to
design the structure of NCMs to ensure strong approximation power.

Remark (notation). M is a model on the same causal graph G as the model with which it is

22



compared; the hat alone does not denote a fitted estimator or an optimization minimizer. In The-
orem 3.3: M is any comparison model in M (G, F , ﬁ), it is not required by this notation to be
a neural model. In Corollary 3.8: M is the constructed neural causal model with the displayed
structural and latent-generator architectures and structure equations 3.2, chosen after fixing R > 0;
it may depend on R and the network budgets, but the same model applies to every intervention
with ||¢;]|.c < R for continuous treatment variables and t; € [n;] for categorical treatment vari-
ables. In Proposition 4.3: M e M(G, F1,U) is the second comparison SCM, with observational
law p. In Proposition B.1: M is the canonical representation obtained by merging the original
non-Gumbel latent variables and retaining the categorical Gumbel noises; its continuous structural
functions are the original f; under coordinate regrouping, and its categorical propensity functions
are f;/||f;||; under the same regrouping, ignoring additional input coordinates, so its interven-
tion laws equal those of M. In Theorem 4.2, Corollary 4.4: In equation 4.1, M ranges over
network representations in NCMg (F ,,, F1,,), With each categorical raw structural network ¢ sat-
isfying ¢(z) € [0,00)™, ||q(x)||y > 0, and Lip(z — q(z)/||q(x)]1) < Ef on its full structural
input domain. Different representations with the same latent population laws may have different
common-draw empirical distributions. In Theorem 4.2: Every continuous structural network f,
additionally satisfies sup,, ||ﬁ(x) |1 < K onits full structural input domain. In equation 4.2, M
instead ranges over canonical SCMs in M(G, FX U) and all latent distributions P(U), with
FE ={f :sup, || f(x)]1 < K, Lip(f) < L} and normalized categorical propensity functions. In
Corollary 4.4: Every continuous structural network fz additionally satisfies sup, ||ﬁ(x) Il < K on
its full structural input domain. The population comparison models use the bounded Lipschitz struc-
tural class FX = {f : sup, || f(z)|: < K, Lip(f) < L} and normalized categorical propensity
functions.

In the following, we first derive an upper bound on the Wasserstein distance between two causal
models sharing the same causal graph. Using this result, we decompose the approximation error
into two parts: the error caused by approximating structural functions via neural networks and the
error of approximating the latent distributions. Then, we design different architectures for these two

parts.

Decomposing the Approximation Error First, we present a canonical representation of an
SCM, which essentially states that we only need to consider the case where each latent variable U;

corresponds to a C? component of G.
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Definition 3.1 (Canonical representation). A SCM M with causal graph G has canonical form if

1. The set of latent variables consists of two sets,
U = {Uc : Cis a C*-component of G} U {Gy; = (977, ,gn) + V; is categorical } |
where Uq and g;/i are independent and g;/i are standard Gumbel variables.
2. The structure equations have the form

i (Pa(V;),Uy;), V; is continuous,
B EAL\GR D -

arg maXpe(n,] {gX + log (f; (Pa(V;), U%))k;} , Vi is categorical, || f;|l = 1,
where Uy, = {Ug : V; € C,C is a C*-component of G} and ()}, is the k-th coordinate of

the vector z. We further assume that f; are normalized for categorical variables.

Given a function class F, the SCM class M (G, F,U) consists of all canonical SCM models with
causal graph G such that f; € F,i € [ny].

Remark. A model belongs to M(G, F,U) when it is a canonical SCM whose structural equations
use the latent variables only as the C2-components of G prescribe, with f; € F; a bi-directed arrow
of G permits shared latents but does not require them to be correlated, so the latent laws P(U¢) may
be arbitrary, degenerate laws included. In the categorical branch of (3.1), zero coordinates of the
normalized nonnegative vector f;(x) are allowed and are evaluated using log 0 = —o0.

Remark (notation). Us denotes the canonical latent vector indexed by a C' 2—component C of G, and
Uy, = {Uc : V; € C, Cis a C*-component of G}. In Corollary 3.8: For every C*-component C,
the law P(U¢) satisfies Assumption 3.4; for each connected support component C; of positive mass,
the normalized law p; = P(Uc)|c,/P(Uc € C;) satisfies Assumption 3.5 with K = C}, and its
support chart f satisfies (f~1)4p;(9[0,1]%) = 0 when d€ > 0. M(G, F,U) consists of canonical

SCMs on G with f; € F for i € [ny] and the indicated canonical latent coordinates; the argument

U does not fix a common latent probability law across the class.

Proposition B.1 in the appendix shows that any SCM satisfying ?? 2.3,2.4 can be represented
in this way and we provide an example in Section B.1 to illustrate how to obtain the canonical
representation for a given SCM. Therefore, we restrict our attention to the class M (G, F,U). For
two SCM classes M (G, F,U), M(G, F , ﬁ), we want to study how well we can represent the

models in the first class by the second class. The Wasserstein distance between the intervention
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distributions is used to measure the quality of the approximation. To approximate the functions in

the structural equations, we need to make the following regularity assumptions on the functions.

Assumption 3.2. If V; is continuous, f; in (3.1) are L;-Lipschitz continuous. If V; is categorical,
the propensity functions f;(Pa(V;),Uy,) = P(V; = j|Pa(V;),Uy,),j € [ni] are L;-Lipschitz

continuous. There exists a constant K > 0 such that max;cjn, ] jemy] ]| Villoo: |Ujllo } < K.

Remark. For categorical V;, f;(x) = (P(V; = j | )) e, is the structural propensity vector, and
| fi(x) — fi(2")]| < L¢||z — 2'|| on its structural input domain, using the paper’s 1-norm. There is a
deterministic K > 0 such that max;ejn,]jcmy11l|Villoos |Ujlloo} < K almost surely under the SCM
law.

The following theorem summarizes our approximation error decomposition.

Theorem 3.3. Given any SCM model M € M(G,F,U), let the treatment variable set be
T = {1} };", and suppose that ?? 2.3, 2.4 and 3.2 hold for M with Lipschitz constant L, constant
K. For any intervention T = t and M e M(G, ]-A", ﬁ), we have

W (P ), PHV®)) < ColL K {dini) (Z 1fi = Fllee + W (PM(U), Pﬂa?)))

where Cg(L, K;{d;,n;}) is a constant that only depends on L, K, the causal graph G, the continu-
ous output dimensions d;, and the categorical cardinalities n;, and f;, ﬁ are structural functions of
M and M respectively.

Additional condition. [In the categorical structural equations, arg max selects the smallest
maximizing label when there is a tie. This is a measurable completion on ties; under the stipulated
independent standard Gumbel noises and nonnegative propensity weights of positive total, it leaves

every fixed-intervention law unchanged.

Remark. For a categorical propensity coordinate equal to zero, log 0 = —oo in the canonical argmax
construction. The structural uniform infinity norm takes the supremum of the coordinatewise
infinity norm over the common structural input domain. Under T' = ¢, every unreplaced equation is
evaluated in topological order at the intervened values of its parents, with the original latent law
unchanged; for canonical categorical nodes the unreplaced equation is the categorical branch of
(3.1).

Remark (notation). U denotes the full canonical latent collection of M , including categorical

Gumbel noises, rather than only the non-Gumbel inputs to its structural functions. V= {‘71}:1/1 is
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the collection of observed variables of M corresponding to V', and V(t) denotes this collection
under intervention T' = t. For i € [ny], ﬁ is the comparison model’s structural map for a
continuous node and its categorical propensity or weight map for a categorical node, evaluated
on parent values and the corresponding latent coordinates. In Theorem 3.3: The functions are
those of M € M(G, F,U); categorical structural propensitics are read under the canonical
representation, including its normalization convention and log 0 = —oo for zero coordinates. The
quantity || f; — J?ZHOO takes the supremum of the coordinatewise infinity norm over the common
structural input domain. In Corollary 3.8, a result cited in the proof of Corollary 3.8: In the
construction, let ¢; be a minimizer of [|¢; — fi[|co OVer NN gn gou (d?"'(2d}* + 10), Lo). The chosen
network is ﬁ = ¢, for a continuous node and ﬁ = max{0, ¢;} coordinatewise for a categorical node;
the latter’s normalized propensity is f; /| ﬁ||1 wherever the denominator is nonzero. In Theorem 4.2:
Continuous structural networks range over J;, subject additionally to sup, ||ﬁ(:v) |1 < K on
the full structural input domain. For a categorical node, the raw network ¢ € F, satisfies
q(z) € [0,00)™ and ||¢(z)||; > O for every structural input x, and its normalized propensity
satisfies Lip(z — ¢(z)/|lq(z)|,) < L 75 the proof’s canonical structural-function coordinate is
q/l|q||:- In Corollary 4.4: Continuous structural networks range over Fy ,, subject additionally to
sup,, ||ﬁ(a;) |1 < K on the full structural input domain. For a categorical node, the raw network
q € Fo, satisfies ¢(x) € [0,00)™ and ||g(x)||; > O for every structural input x, and its normalized
propensity satisfies Lip(z — ¢(z)/||q(z)|l1) < L f- f is a function on the domain of its paired
function f, with the particular function and codomain specified by the local comparison. In
Lemma C.3: f(t) = E, [Y | T = {] is a population regression version, L-Lipschitz continuous
and bounded by K, defined on the common treatment domain on which it is compared with f.
Cg(L, K;{d;,n;}) denotes a numerical comparison coefficient whose permitted dependence is
only on L, K, G, the continuous output dimensions d;, and the categorical cardinalities n;. Fis
the specified class containing the comparison model’s structural functions on their respective node
domains; categorical members are normalized propensity functions, and no neural architecture or
Lipschitz bound is imposed merely by the hat.

Theorem 3.3 separates the approximation error into two parts, which motivates us to construct
the NCM in the following way. First, we approximate the functions f; in (3.1) by NNs fA, Then,
we approximate the distribution of latent variables by pushing forward uniform and Gumbel
variables using neural networks, i.e., I/jcj = 9;(Z¢,), where {C;} are C* components and Z,

are multi-variate uniform and Gumbel random variables. The structural equations of the resulting
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approximated model M are

ﬁ» (Pa(‘//\;), @j(ZCj))cheri) , V; is continuous,
arg maxpefn,] {gk + log (ﬁ <Pa(‘7i), (’g\j(ch))UCjGUVi»k} , V; is categorical.

For the first part, we need to approximate Lipschitz continuous functions. For simplicity, we assume

)

(2

(3.2)

that the domain of the functions are uniform cubes. Similar arguments hold for any bounded cubes.
We denote NNy, x, (W, L) to be the set of ReLu NNs with input dimension &, output dimension ks,
width W and depth L. It has been shown that (N'Ay, 1 (2d,+10, Lo), F1([0,1]%, R)) < O(Ly*/™)
[52], where €(+, -) denotes the approximation error defined in Section 2. For a vector valued function,
we can use a wider NN to approximate each coordinate and get a similar rate.

Remark (notation). IZ is the observed variable corresponding to V; in M\ , with i € [ny] and the same
continuous or categorical state space; XA/Z(t) denotes its value after replacing treatment equations by
T =t. In Corollary 3.8, Theorem 4.2: The structural equations are (3.2), with latent inputs (A]c]. =
9j(Z¢;) and structural functions ﬁ In Theorem 3.3, Theorem 4.2: For a zero categorical propensity
coordinate, the categorical argmax uses the extended logarithm log 0 = —oco. In Theorem 4.2: For a

categorical node, the raw structural network ¢ has nonnegative coordinates and ||g(z)||; > 0 at every

structural input, and its normalized propensity vector is ¢(x)/||q(z)||1; ties in the categorical argmax
are resolved by the smallest label. The two-argument notation NN, , (W, L) specifies a ReLU
network class, with omitted dimensions supplied by context; the five-argument notation specifies
the separable three-part generator architecture including its Gumbel-Softmax layer. In Corollary 3.8:
The four-argument generator class NN (©(dY,.), L1, 0((dY,.)?), L) suppresses the temperature
7 of the same third Gumbel-Softmax layer, which remains present in the approximation bound. The
multiplicative width factors in ©(d,_d° ), ©(dY, ), and ©((dY,,)?) can be chosen as absolute
numerical constants, independent of the causal model, R, all dimensions, and all category and
component counts. In Theorem 3.6, the result split from Theorem 3.6: In the generator architecture,
a component with df = 0 uses the unique map to [0,1]° as its first deterministic block and a
constant affine map to its singleton support component as its second deterministic block. In the
result split from Theorem 3.6: The multiplicative width factors in ©(D¢) and ©(d D) are absolute
numerical constants, independent of the measure, chart constants, dimensions, and component
count. The notation g\ denotes the output law of the generator after integrating both its uniform
input and its Gumbel-softmax randomness, rather than a push-forward conditional on a realized

mixing vector. In Theorem 3.6: The generator has uniform-input dimension N, output dimension
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d, and target law P; its mixing weights are the target component masses. A component with
d¢ = 0 is a singleton, and its two deterministic blocks are the unique map to [0, 1]° and a constant
affine map to that singleton. In Corollary 3.8, Theorem 4.2: In the NCM class notation, g € F;
is shorthand for the separate latent generators g;, whose compatible dimensions depend on the
corresponding latent variable. In Theorem 4.2: At sample size n, generators range over J , and
have coordinatewise output truncation to [— K, K], with finite component counts and component
cube dimensions fixed as n varies. The optimization ranges over network representations, including
distinct representations inducing the same latent population laws; each representation is evaluated
on the same m,, exogenous input draws. In the result split from Theorem 3.6: The generator has
uniform-input dimension N, output dimension d, and target law P; its mixing weights are the
target component masses. A component with d© = 0 is a singleton, and its two deterministic
blocks are the unique map to [0, 1]° and a constant affine map to that singleton. Zc, denotes the
uniform and Gumbel input vector for the generator of the latent variable associated with graph
C?-component C;, with N ; uniform coordinates and N ; Gumbel coordinates, where N¢ ; counts
the connected components of supp(P(Ug,)). In Theorem 4.2: At each sample size n, the simulation

(r_), r € [m,], are shared across all candidate network representations: each candidate latent

J
generator is evaluated as g, (Zg] )). These inputs are drawn as part of the common independent and

inputs Z,

identically distributed exogenous product-law draws, independently of the observational sample.
For a C*-component C; of G, ch = 9j(Zc,) denotes the generated latent vector corresponding to
Uc,, with law (g;) 4 P(Z¢;, ).

For the second part, we approximate each U; individually by pushing forward i.i.d. multivariate
uniform and Gumbel variables U, = §;(Z,) since the latent variables are independent by 22 2.3.
To do so, we examine under what assumptions on the measure IP over R" we can find a NN g such
that W (g, P) is small, where A(-) is some reference measure.

Remark (notation). P denotes the probability measure appropriate to the local distribution or events.
In Proposition B.2: The statement uses P satisfying Assumption 3.5 on K C R”. The proof
reduces to a measure on [0, 1] that vanishes on the boundary and satisfies P(B) > C;\(B) for all
measurable B C [0, 1]%; the reduced measure is f;ﬁlIF’ for the homeomorphism in that assumption.
Absolute continuity with respect to Lebesgue measure is assumed only in the illustrative proof sketch.
In Theorem 3.6, a result cited in the proof of Theorem 3.6, the result split from Theorem 3.6: In the
distribution-generator construction, [P is the target probability measure on the ambient Euclidean

space; expressions such as P(X; = 1) = p; in the selector construction denote probabilities under
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the selector’s law. In Theorem 3.3, Corollary 3.8, Proposition C.1, Proposition 4.1, Theorem 4.2,
Proposition 4.3, Corollary 4.4: In the categorical propensity definition, P(V; = j | Pa(V;), Uy;)
denotes conditional probability under the relevant SCM law, rather than evaluation of the distribution-
generator target measure. In a result cited in the proof of Theorem 3.6: [P is the target probability
measure on RY satisfying Assumption 3.4; its normalized restrictions to the connected support
components are the laws ;. In Proposition 4.1, Proposition C.1: In the componentwise lower-bound
o, /P(C;) for

every connected support component C;, with K = C;. C; denotes a subset of the ambient Euclidean

requirement, P denotes each non-Gumbel latent law; Assumption 3.5 is imposed on P

space in the local support or partition construction. In Theorem 3.6, Corollary 3.8, Proposition C.1,
Proposition 4.1, Theorem 4.2, Corollary 4.4, a result cited in the proof of Theorem 3.6: C,
i € [N¢], are the finitely many connected components of supp(P), with supp(P) = [ J~% C; and
H([0,1)%, C;) N F([0, 1%, C;) # 0 for some d° > 0. In the result split from Theorem 3.6: C;,
i € [N¢], are the finitely many connected components of supp(P), with supp(P) = Uf\g C; and
H([0,1]%,C;) N Fp([0, 1%, C;) # 0 for some d° > 0. In Theorem 3.6, the result split from
Theorem 3.6: If d¢ = 0, then C; is a singleton, since it is homeomorphic to [0, 1]°. In a result cited
in the proof of Theorem 3.6: C;, i € [N¢], are the finitely many connected components of supp(P),
with supp(P) = NS C; and H ([0, 1%, C;) N FL([0,1]%, C;) # 0 for some dS > 0; the quantized
construction applies to components with d¢ > 0. In Proposition 4.1, Proposition C.1: For each

o./P(C;) satisfies Assumption 3.5

non-Gumbel latent law P, every normalized component law [P

with compact support set K = C;.

3.1 Approximating Mixed Distributions by Neural Networks

Remark (notation). N¢ denotes the finite number of connected components of supp(P), indexed
by i € [N¢]. In Theorem 4.2, Corollary 4.4: The finite component count of each latent generator
architecture in J ,, is fixed as n varies.

In this subsection, we will extend the results in [43] to construct a neural network as the push-
forward map. It turns out that to get a good approximation of the targeted distribution, the shape of

the support is essential. We introduce the following two assumptions for our latent distribution.

Assumption 3.4 (Mixed Distribution). The support of measure P has finite connected compo-
nents Cy, Cy - - - Cy,., i.e., supp(P) = [~ i, and each component C; satisfies H([0, 1]%, C;) N
Fr([0,1]%, C;) # 0 for some d€ > 0. Recall that 7 (K7, K,) is the set of homeomorphisms from
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Figure 1: Architecture of neural network for
4—dimensional output. The first (yellow) part
approximates the distribution on different con-
nected components of the support using the re-
sults from [43]. The width and depth of each
block in this part are W; and L;. The second
(blue) part transforms the distributions on the
unit cube to the distributions on the support. The
width and depth of each block in the blue part are
W5 and L. The third (green) part is the Gumbel-
Softmax layer. It combines the distributions on
different connected components of the support

together and outputs the final distribution.

K to K5 defined at the end of Section 2.

Remark (notation). Fori € [N¢|, d° is a nonnegative integer such that ([0, 1], C;)NF.([0, 1]% , C;)

Figure 2: This figure demonstrates the first two
parts of our architecture. Each interval in the yel-
low box corresponds to one coordinate of input in
the left figure. We first push forward uniform dis-
tributions to different cubes. Then, using ?? 3.4,
we adapt the shape of the support and push the
measure from unit cubes to the original support
of P(U). In this way, we can approximate com-
plicated measures by pushing forward uniform

variables.

0; d¥ = 0 corresponds to a singleton component. In Theorem 4.2, Corollary 4.4: The component

cube dimensions of each latent generator architecture in F ,, are fixed as n varies.

?? 3.4 encompasses almost all natural distributions. For example, distributions supported

on [0, 1]¢ and closed balls, finitely supported distributions and mixtures of them all satisfy this

assumption. ?? 3.4 allows us to transform the support of the targeted distribution into unit cubes

and the nice geometric properties of unit cubes facilitate our construction. The next assumption is

slightly than ?? 3.4, but we will show later that it can give us a better rate.
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Assumption 3.5 (Lower Bound). Suppose that IP is supported on a compact set X C R, there
exists a constant Cy > 0, f € H([0,1]%, K) N F.([0, 1]¢, K), such that for any measurable set
B C (0,14, P(f(B)) = C;A(B). Besides, if d > 0, (f ') 4P vanishes on the boundary 9]0, 1]¢.

Remark (notation). C/ is a positive domination constant associated with the particular measure PP
and chosen homeomorphism f in the lower-bound assumption.

?? 3.5 implies that d\/d( f#;lIP’) exists and is lowered bounded by a constant C'y. We show in
the appendix (Proposition B.2) that under ?? 3.5, it is possible to simulate any distribution on the
unit cubes with Holder continuous curves and uniform distribution on [0, 1]. Proposition B.2 can be
viewed as an extension of the Skorohod representation theorem.

Now, we briefly explain the construction of the push-forward maps. An example is provided in
Section B.1 to illustrate the construction. The NN architecture consists of three parts (see Figure 1).
The input dimension is the same as the number of connected components of the support No. For
each component C;, let H; € H([0,1)% ,C;) N FL([0,1]%, C;), where dC is the dimension of
component C; in ?? 3.4. By P = (H,)4(H; ') 4P on C;, we can approximate (H; ') 4P first, which
is supported on a unit cube. [43] constructs a wide NN g of width W and constant depth such that
W (ga, (Hi);IP’) < O(W Y47y where ) is the uniform measure on [0, 1]. Then, we approximate
the Lipschitz map H; to C; to pull the distribution back to C;. These are the first two parts (yellow
and blue blocks in Figure 1) of the architecture.

Suppose that the output of i-th coordinate in the first two parts is v;, the Gumbel-softmax layer
in the third part (green box) combines different components of the support. In particular, we want
to output U; with probability p; = P(C;). Let V = [#/}, - - - , ¥;], this can be achieved by outputting
VX, where X = (Xy,---,Xy.)" is a one-hot random vector with P(X; = 1) = p;. To use

backpropagation in training, we use the Gumbel-Softmax trick [31] to (approximately) simulate
exp((logpi+Gi)/7)

S0, exp((log pi+Gr) /7)

hyperparameter) and GG; ~ Gumbel(0, 1) are i.i.d. standard Gumbel variables. As 7 — 0, the

such a random vector, )?[ = , where 7 > 0 is the temperature parameter (a
distribution of X7 converges almost surely to the categorical distribution [36, Proposition 1]. In
particular, when 7 = 0, we denote X ZQ = li—arg max; {logp; +;}- The output of the last layer is VX
Note that the Gumbel-softmax function is differentiable with respect to parameter {log(p;) }i=1,... ng-
Therefore, we can train the network with common gradient-based algorithms.

Remark (notation). G is the kth standard Gumbel coordinate, with density x — exp(—z—exp(—z))

on R, in the relevant Gumbel-softmax vector. In Lemma E.4: The coordinate index is k € [n]. In
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Theorem 3.6: G, k € [N¢], are the independent standard Gumbel coordinates of the mixing layer,
one per connected support component, independent of the uniform inputs used by the deterministic
blocks; their randomness is included in gz \. In the result split from Theorem 3.6: Gy, k € [N¢],
are the independent standard Gumbel coordinates of the mixing layer, one per connected support
component, independent of the uniform inputs used by the deterministic blocks; their randomness is
included in gz A. 7 > 0 is the Gumbel-softmax temperature hyperparameter; a superscript 0 on a
softmax output or layer denotes the limit as 7 — 0, rather than evaluation of the positive-temperature
formula at zero. In Lemma E.4: The temperature satisfies 0 < 7 < 1. In Theorem 3.6: The error
estimate is asymptotic as the network budgets tend to infinity and 7 | 0, with constants independent
of the budgets and 7; the proof uses the Gumbel-softmax estimate for 0 < 7 < 1. In Theorem 4.2:
The temperature is the positive sequence 7,, appearing in F ,,, with 7,, — 0. In the result split from
Theorem 3.6: The error estimate is asymptotic as the network budgets tend to infinity and 7 | 0,
with constants independent of the budgets and 7; the proof uses the Gumbel-softmax estimate for
0 < 7 < 1. In Corollary 4.4: The generator temperature is the positive sequence 7,, in F; ,, and in
the approximation term 7,,(1 — log 7,,). In Corollary 3.8: The displayed error bound is asymptotic
as Lo, L1, Ly — oo and 7 | 0, with R > 0 and the causal model fixed. The implicit constant is
independent of the intervention and the network budgets, but may depend on R and the fixed causal
model.

In summary, our construction has the form g = g7 o g» 0 g1, where g;, 7 = 1, 2 have the separable
form (g} (21), -+, 3" (wno)) and G € NNy ge(Wi, L), G5 € NN e 4(Wa, La), j € [Nel;
{d} are the dimension of cubes in ?? 3.4. g3 is the Gumbel-Softmax layer with tempera-
ture parameter 7 > (0. We slightly abuse the notations and denote this class of neural nets by

NN Wy, Ly, Wa, Lo, 7). Putting things together, we obtain the following theorem.

Theorem 3.6. Given any probability measure P on R¢ that satisfies ?? 3.4, let \ be the Lebesgue

measure on [0, 1)V¢, where N¢ is defined in ?? 3.4. Write Do = max{1, max; d¢'}.

1. There exists a neural network g € NN (W1,0(D¢),0(d - D¢), Ly, T) with the above archi-
tecture (Figure 1) such that

W(TQ\#A, ]P)) < ) (H{maxi d§' >0} <W1_1/DC + LQ_Q/DC) + (7- - TlOg 7—)) :

Remark. A network in NN, 1, (W, L) has L hidden layers, each of width at most W, followed by

the affine output layer (width at most W and exactly W give the same class of functions: a narrower
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layer is padded with zero units). The covering number N (¢, S, || - ||1) is that of the cited source
(Anthony and Bartlett): the least size of a subset C' C S such that every point of S lies at ¢; distance
strictly less than e from some point of C'. The law g\ includes the independent standard Gumbel
variables used in the mixing layer. The error estimates are asymptotic as the network budgets tend
to infinity and 7 | 0, with constants independent of these budgets and of 7. A component with
d¢ = 0 is a singleton, and its two deterministic blocks are the unique map to [0, 1]° and a constant
affine map to that singleton. In the proposition entitled “Deep distribution approximation”, the
multiplicative width factors in (D) and ©(d D) are absolute numerical constants, independent
of the measure, chart constants, dimensions, and component count. f € H (K, Ky) means that
f : K; — K, is bijective and both f and f~! : K, — K, are continuous. A network in
NN, x,(W, L) has L hidden ReLU layers of width at most IV, followed by an affine output layer
of dimension ky. The layer uses V' = [0y, .., Uy.]| and the same Gumbel draws for all 7 > 0,
with lim, g )A([ = )/{\'ZO = I{izargmax, ¢ (N (08 P +G5)} almost surely for every ¢ € [N¢g|. For each
component of positive dimension ¢ = d¢, the application of Theorem VIIL1 of [43] uses integer
depth parameter s = 1, quantization parameter § = 1/[,/q(q + 1)n(n — 1)], and quantization mesh
§/n. The refinement integer is n = | (W, /A,)'/7] for W, > A,2%, where A, > 1 depends only on
¢q and bounds the clipped network width by A,n9.

Remark (notation). This is the three-part generator class with component count N, component cube
dimensions dJC, and output dimension d suppressed from its arguments; W7, L and W5, Lo specify
the respective component-network widths and depths, and 7 > 0 specifies the mixing temperature. In
Corollary 3.8: The four-argument generator-class occurrence suppresses the temperature argument;
the latent generators retain the Gumbel-softmax temperature 7 appearing in the bound. The multi-
plicative width factors in ©(dY, ) and ©((dY,,)?) can be chosen as absolute numerical constants,
independent of the causal model, R?, all dimensions, and all category and component counts. In The-
orem 4.2: The class used is its truncated version NN (0(dY,.), L1.,,0((dY,.)?), Lo, Tn); the
superscript oo imposes no finite Lipschitz bound, while K specifies coordinatewise output truncation,
and the finite component counts and component cube dimensions of the latent generator architectures
are fixed as n varies. In Theorem 3.6, the result split from Theorem 3.6: The architecture includes
components with d¢ = 0: their first deterministic block is the unique map to [0, 1]°, and their second
deterministic block is a constant affine map to the corresponding singleton. In Corollary 4.4: The
latent generator class is the truncated class F,, = NN (0(dY. ), L1.,,0((d%,.)?), Lo, Tn);

max max

the superscript co imposes no finite Lipschitz bound, K specifies coordinatewise output truncation,
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and the finite component counts and component cube dimensions are fixed as n varies. In the
result split from Theorem 3.6: The multiplicative width factors in ©(D¢) and O(d D) are absolute
numerical constants, independent of the measure, chart constants, dimensions, and component count.
Each coordinate block 5{ uses one scalar input to generate coordinates in the cube [0, 1]‘1.7C associated
with component j, without mixing inputs from different components. In Theorem 3.6, the result
split from Theorem 3.6: Writing 11; = P¢, /P(C}), for dS > 1 the first block approximates the cube
law ((g3) 1)1, by the law of §{(U;); for dS = 0, it is the unique map to [0, 1]°. Each coordinate
block g3 maps the djc—dimensional cube coordinates for component j into R?, without mixing inputs
from different components. In Theorem 3.6, the result split from Theorem 3.6: For djc > 1, the
block g} approximates a map ¢} € H([0, 1]da‘c, C;) N FL(|o, 1]‘1?, C;); for d$ = 0, it is a constant
affine map to the singleton C;. g7 mixes the No component outputs using the Gumbel-softmax
coefficient vector, with 7 > 0; the notation §§ denotes its almost-sure hard-selection limit as 7 — 0.
In Theorem 3.6: The mixing weights are p, = P(C}) for the connected components C}, of the
target support. In Corollary 3.8: The layer is used separately for each latent generator, with mixing
weights given by the masses of the connected components of that latent variable’s target law. In
Theorem 4.2: At sample size n, the generator class uses temperature 7,, > 0 and truncates the
resulting generator output coordinatewise to [— K, K. In the result split from Theorem 3.6: The

mixing weights are p, = P(C}) for the connected components C}, of the target support.

Corollary 3.7 (Deep distribution approximation). Given any probability measure P on R? that
satisfies ?? 3.4, let \ be the Lebesgue measure on [0,11V¢, where N is defined in ?? 3.4, and
write Do = max{1, max; d*'}. Suppose in addition that P constrained to each component satisfies
?? 3.5. There exists a neural network g € NN (0(D¢), L1,0(d - D¢), Lo, T) with the architecture
of Figure | such that

W(/g\#/\7 P) < 0] <H{maxi d$ >0} (Ll_z/DC + L2_2/DC> + (T - TlOg T)) :

Note that g7 (the Gumbel-softmax layer) is actually a random function since the coefficient
vector X7 is a random variable. In this sense, gx A can be viewed as pushing forward uniform and
Gumbel variables using a neural net.

The second conclusion of Theorem 3.6 shows that under one additional assumption on the distri-
bution, deep ReLLU networks have a stronger approximation power in approximating distributions,

which means we can use fewer computational units to achieve the same worst-case theoretical
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approximation error.

3.2 NCM Construction

Now, we can use the previous distribution approximation results to construct NCM approximations.
For simplicity, we omit the input and output dimensions of the neural network. As we mention
in previous sections, our construction (3.2) consists of two parts, ﬁ approximating the structural
functions f; in (3.1), and g;(Z;) approximating the latent variables U;. Let NCMg(Fy, F1) be a
collection of NCMs with structural equation (3.2) and ﬁ € Fo, g € F1. By combining Theorem 3.3
and Theorem 3.6, we have the following corollary.

Remark (notation). NCMg(Fy, J) is the collection of models on G with structural equations (3.2),
in which every structural network belongs to J, and every component-specific latent generator
belongs to F7, with compatible dimensions suppressed. In Theorem 4.2, Corollary 4.4: At sample
size n, the candidate class is NCMg(Fo,,, F1,,), With the architecture and truncation specified in
Theorem 4.2, restricted so that every categorical raw structural network ¢ satisfies ¢(x) € [0, 00)™,
lg(z)]]s > 0 for every structural input z, and Lip(x — ¢(x)/||q(x)]1) < Zf. In Theorem 4.2:
The empirical optimization ranges over network representations in the restricted candidate class;
representations with the same latent population laws remain distinct candidates and may yield
different common-draw empirical distributions. Every admitted continuous structural network
additionally satisfies sup, Hﬁ(a:)”l < K on its full structural input domain. In Corollary 4.4:
Candidates are evaluated as network representations on the same m,, exogenous simulation draws;
representations with identical latent population laws can yield different empirical distributions
on these common draws. Every admitted continuous structural network additionally satisfies
sup,, Hﬁ(a:) |1 < K on its full structural input domain. Fj is the structural-network class supplied
to NCMg (Fo, F1), with the input and output dimensions appropriate to each node omitted from
the notation. In Theorem 4.2: The class is Fp, = N/\/’Ef’K(Wo,n, O(logd™, ), where L; =
ML #; it consists of coordinatewise truncations to [— K, K| of networks whose Lipschitz
constant is at most L 7, and varies with n. When d_ = 1, the depth expression uses ©(1+log d ).
Continuous structural networks admitted to the optimization additionally satisfy sup, || f;(z)|; < K

on their full structural input domains. Categorical raw networks admitted to the optimization

additionally satisfy g(z) € [0,00)™, ||g(x)||; > 0 for every structural input x, and Lip(z —
q(x)/lla()]l1) < Ly.
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Corollary 3.8. Given a causal model M* € M(G, F,,U), suppose that Assumptions 2.3-3.2 hold
and the distributions of Uc for all C*-component satisfy the assumptions of the proposition entitled
“Deep distribution approximation”. Let A", and d°“ be the largest input and output dimension

of f;in (3.1) and dY, be the largest dimension of all latent variables. Suppose in addition that
din > 0and dY

- max > 0. Fix any R > 0. There exists a neural causal model

M € NCMg(NN(8(d,.d? ), Lo), NN (O(d¥), L1, O((d%)?), L2))

max "max max

with structure equations (3.2). For any intervention T' = t such that ||t;||.. < R for each continuous

treatment variable T, M satisfies
W (PM(V(8), PYV (1)) <O (Lo o o L0 g L2100 4 (7~ 710 7))
The implicit constant is independent of the intervention and the network budgets, but may depend
on R and the fixed causal model.
Additional condition. In the categorical structural equations, arg max selects the smallest
maximizing label when there is a tie. This is a measurable completion on ties; under the stipulated
independent standard Gumbel noises and nonnegative propensity weights of positive total, it leaves

every fixed-intervention law unchanged.

Remark. In Corollary 3.8, for m; = d > 0, the symbol ﬁ denotes ¢; o II; for a continuous
variable and the vector (max{ei, (gi o II;) k})Z:1 for a categorical variable, where ¢;, 1I;, and
e = ALy 2/™: are chosen in its proof. In Corollary 3.8, for m; = 0, the symbol ﬁ denotes
the exact constant function f;. The error estimate is asymptotic as Lg, L1, Ly — oo and 7 | 0,
for fixed R and fixed causal model. The latent generator class in the statement uses the same

temperature T as the displayed error estimate. The multiplicative width factors in ©(d, %" ),
0(dY,.), and O((dY

max max

)?) can be chosen as absolute numerical constants, independent of the causal
model, R, all dimensions, and all category and component counts. For each latent law P(U¢),
the assumptions of the proposition entitled “Deep distribution approximation” require the support
charts of ?? 3.4 and ?? 3.5 on each normalized component law p; = P(Uc)|c,/P(Uc € C;),
with (f1) (9]0, 1]%) = 0 when d€ > 0. The phrase “uniform cubes” denotes the unit cube
domains [0, 1]™ used for deterministic uniform function approximation; it imposes no uniform
probability law on structural inputs. For each categorical V;, the noise in equation (3.2) satisfies

gk = g,‘f for k € [n;]. Membership in NCMg (Fy, F;) requires f: € JFy for every observed node and
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g; € J for every latent component, with the compatible input and output dimensions understood

separately for each network. d¥_ = max;eny] dgj ranges over non-Gumbel latent variables, while
dn = max; d" and d°%° = max; d"t, with d{"* = n, for categorical nodes.
Remark (notation). dpn,. = max;ep,,d", where d;" is the input dimension of f;(Pa(V;),Uy,) in

the canonical structural equations. In Theorem 4.2, Corollary 4.4: d > 1; when d, = 1, the

structural-network depth expression O (log d™ ) means O(1+log d™, ). In Corollary 3.8: d, > 0.

max max max
do . = MaX;ep, d"', where di"' = d; for a continuous structural function and d{"" = n, for a
U

max

categorical propensity vector. d . = maX; e[, de, where dg-] is the dimension of a canonical latent

variable U; whose distribution is approximated by a generator, distinct from the separately supplied
U

max

categorical Gumbel noises. In Theorem 4.2, Corollary 4.4: d > 1; it remains the maximum
individual non-Gumbel latent dimension, distinct from the total dimension Dy = E?gl dgj and
D = max{1, Dy}. In Corollary 3.8: d¥__ > 0.

Similar approximation results also hold for wide NN approximation (the first construction
in Theorem 3.6), as presented in Section 3.1. The proof can be easily adapted to the wide NN
architecture. Corollary 4.4 gives an explicit construction of NCM for a given SCM, which shows the
expressivity of NCMs for SCM with mixed variables. This result can be viewed as a generalization

of the expressivity result in [51], but our construction is completely different from [51].

4 Consistency of Neural Causal Partial Identification

In this section, we prove the consistency of the max/min optimization approach to partial identifica-

tion. In the finite sample setting, we consider the following estimator F;, of the optimal values of

(1.1).

Fn = argmin EtNMTEM\[F(Vl(t)v ) an (t))L (4'1)
MENCMg (Fo.n,Fin)

st Sy, (PM(V), P (V) < ay,

where PM°, Png are the empirical distribution of PM", PM with sample size n,m,,, ur is a
given measure, S)(-,-) is the Sinkhorn distance and F; ,, will be specified later. For example,
the counterfactual outcome E[Y'(1)] is a special case of the objective. Our results can be easily
generalized to any linear combination of objective functions of this form. We use the Sinkhorn

distance because it can be computed efficiently in practice [15]. We want to study if F}, is a good
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lower bound as n — oo.

To match the observational distribution, we need to increase the width or depth of the NNs
we use. As the sample size increases, the number of parameters also increases to infinity, which
creates difficulty for our analysis. To obtain consistency, we need to regularize the functions
while preserving their approximation power. Surprisingly, if we do not use any regularization, the

following proposition implies that consistency may not hold even if the SCM is identifiable.

Proposition 4.1 (Informal, see Proposition C.1 for a formal version). There exists a constant ¢ > 0
and an identifiable SCM M* satisfying Assumptions 2.3-3.5 such that for any € > 0, there exists
an SCM M, satisfying W (PM (V), PM<(V)) < € and |ATE \y- — ATE 4,

non-Gumbel latent law P with connected support components C;, Assumption 3.5 is required of

> c. Here, for each

each normalized component law P|¢, /P(C;), with K = C;.

Additional condition. In the categorical structural equations, arg max selects the smallest
maximizing label when there is a tie. This is a measurable completion on ties, under the stipulated
independent standard Gumbel noises and nonnegative propensity weights of positive total, it leaves

every fixed-intervention law unchanged.

Remark. 1dentifiable means: every SCM M on the backdoor graph of Proposition C.1 whose latent
variables are all independent (Assumption 2.3) and with P (V') = P (V') has ATE \; = ATE v+
the comparison models M, have that same graph. Models whose latents are pairwise independent
but jointly dependent are not on the graph in this sense.

Remark (notation). M. denotes an SCM chosen for each tolerance ¢ > 0 in the counterexample
family, rather than a single model independent of €. In Proposition C.1: M. has the same causal
graph as M*; in the proof it is supplied by M;s with § > 0 small enough that §/2 < €. ¢
denotes a locally specified scalar, categorical configuration, or real-valued function, according to its
defining expression. In Proposition 4.1, Proposition C.1: ¢ > 0 is chosen together with M* before
quantifying over € > 0, and is independent of ¢; it is a strict lower bound for |ATE y, — ATE 4, |. In
Lemma E.5: In the proof’s final self-term calculation, ¢ = W (v, v) is the entropy-regularized self-
transport value, with |c| < (1 + 2logm)A; it is nonpositive under the specified entropy convention.
In Lemma E.6: ¢ > 0 is the concentration constant multiplying ne? in the negative term of the
probability exponent; it depends only on d, K and is independent of n, d, e. In Proposition 4.3:
In the proof, c(t) = [ f,(a,t)va(da) — [ f,(a,t)pa(da) is the contribution from changing the

observational marginal of A, with v4 and p 4 the respective observational marginals. In Theorem 4.2:
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In the observational concentration argument, ¢ ranges over the fixed finite set of possible complete
categorical label vectors: p. = P(C = ¢) and p. = P((Uy,...,U,,) | C = c), the latter being
used for p. > 0. In Corollary 4.4: In categorical types (u, c) and conditioning expressions, c is
a complete categorical label vector, with p. = P(C = ¢) and u. = P((Uy,...,Uy,) | C = ¢)
for p. > 0. Separately, in the concentration exponent —cC?m,,r2, ¢ > 0 is a fixed concentration
constant.

Here, M* is the ground-truth model and M, are the models we use to approximate M*.
Proposition 4.1 implies that even if the observation distributions are close and the ground-truth
model is identifiable, their ATEs can be far away, regardless of the sample size, which indicates that
the method may not be consistent. We need some regularization on M, to recover consistency. In
particular, we find that regularizing the Lipschitz constant of the NN can help. Much work has been
done to impose Lipschitz regularization during the training process [13, 49, 22, 42, 10]. We denote
Lip(f) to be the Lipschitz constant of a function f and define the truncated Lipschitz NN class,

NN (W, L) = {max{~K,min{f, K}} : f € NNy, 4, (W, L), Lip(f) < Ly} .

For simplicity, we omit the dimensions and use shorthand NNE7X (W, L). Similarly, we also

define the class NN (W, L, Wy, Ly, 7) as a truncated version of NN (Wi, Ly, Wy, Ly, 7). The

next theorem gives the consistency result of the min estimator. To state the theorem, we define

F, =Bty Ear<[F(Vi(t), -, Viy (t))] to be the true value and £ to be the optimal value of the

following optimization problem over SCMs with Lipschitz constant L.

Fr = argmin = By, Eg[F(Vi(t), -+, Vi, (1)), (4.2)
MeM(g,7FU),PU)

sLW(PM(V), PM (V) =0,

where the minimum is taken over M (G, FF,U) with F&* = {f : ||f|| < K, f € Fr} and all
latent distributions P(U ). Note that if L is the Lipschitz bound L that we assume on our structural

functions, then EL is the sharp lower bound.

Theorem 4.2. Let M* be any SCM satisfying the assumptions of Corollary 3.8. Suppose that the

Lipschitz constant of functions in M is Ly, F' : R"™ — R in (4.1) is Lipschitz continuous and
T, > 0, let K > 0 be the constant in ?? 3.2, Zf = \/dn, dou Ly,

max "max

fO,n = NNZf’K (WO,n; © (IOg din )) s an = NNOO’K (@(dU ), Ll,m @((drl{laxy)’ L2,n7 Tn) )

max max
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where dY_, d" and d°“ _ are defined in Corollary 3.8. Suppose in addition that d™" 1

max’ max max

and dY. > 1. In (4.1), restrict each categorical raw structural network q € Fon to satlsfy

max

q(z) € [0, oo)”i, llg(z)]|1 > 0 for every structural input x, and

bip (x - ||qq<%)||1> <Lr

Put

ny
Dy = ng, D = max{1, Dy},

where the sum defining Dy includes the non-Gumbel latent variables only. Take the radius to
be o, = €, + s,, with positive tolerances chosen as sufficiently large constant multiples of the

respective quantities in

€ = O ( l/dmax + ZL 2/dmax + Tn(l _ ].Ong)> ,

Ly, + Lyl n _
. O ( —1/(D+2) log + ( 1, + 2, ) ogim +n 1/ max{2,Dy } 10g2n + log(nmn)An) )
/M,

For every continuous structural function f; of M*, suppose in addition that sup,, || f;(z)|s < K
on its full structural input domain. Restrict every continuous structural network f; € Fo,, in (4.1)

to satisfy this same uniform output 1-norm bound. Retain the output bound in (4.2), namely

Fio=A{f: sup || f (@)1 < K, Lip(f) < L}.

Let F,, be the optimal value of the empirical optimization with the objective and Sinkhorn
constraint of (4.1) and both the continuous and categorical restrictions just specified, and let
Eif be the optimal value of (4.2) with this bounded Lipschitz class. If m, = Q(n),L;, =
@(miﬁax/(zd%dx%))?i = 1,2,lim,, oo min{7,, !, Wy ., (log(nm,)\,) '} = oo, then with proba-
bility 1, [lim inf,_,o F,, limsup, . F,] C [F%, F.].

Additional conditions. In this result the bound K applies to every SCM of the model class
over which the optimization ranges, not only to M*: every variable has norm at most K, so each
categorical V; with labels in [n;| has n; < K, and every intervention value lies in [— K, K|. The

expectation defining F is a finite real iterated expectation. The inner objective is integrable under
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P(U) for ur-almost every intervention value, and the resulting real conditional-expectation function
is integrable under pr. Almost-everywhere versions are allowed. Every objective expectation used
in (4.1) is a finite real iterated expectation. For each candidate over which the objective ranges, the
inner objective is integrable under its latent law for up-almost every intervention value, and the
resulting real conditional-expectation function is integrable under jir. Almost-everywhere versions
are allowed. Every objective expectation used in (4.2) is a finite real iterated expectation. For each
candidate over which the objective ranges, the inner objective is integrable under its latent law
for up-almost every intervention value, and the resulting real conditional-expectation function is
integrable under . Almost-everywhere versions are allowed; one-sided infinite expectations are
outside this real objective domain. The parameter objective f(0) = E,.,, E o [F(V (t))] is used on
its finite real iterated-expectation domain: for every parameter on which this objective is used, the
inner objective is integrable under the corresponding latent law for pr-almost every intervention
value, and its real conditional-expectation function is integrable under pp. Almost-everywhere
versions are allowed. This is the same expectation convention as for F,, F,, and F*. In the
categorical structural equations, arg max selects the smallest maximizing label when there is a
tie. This is a measurable completion on ties; under the stipulated independent standard Gumbel
noises and nonnegative propensity weights of positive total, it leaves every fixed-intervention law

unchanged.

Remark. For each n, every candidate is evaluated on the same m,, draws of all its exogenous
inputs, including its uniform inputs, generator Gumbel inputs, and categorical Gumbel inputs.
The common exogenous draws are independent and identically distributed according to the speci-
fied product law of the exogenous inputs. The common simulation draws are independent of the
observational sample. The observational empirical law P (V') is formed from n independent
complete observations with common law P (V). The empirical optimization ranges over network
representations, including distinct representations with the same latent population laws. F}, denotes
the infimum of objective values, with an attained minimum having the same value. For a zero
categorical propensity, log()0 = —oo. Ties in a categorical argmax are resolved by the smallest
label. The orders for ¢, and s, are asymptotic as n — oco. The depth expression O(log d™", )

max

means O(1 + logd™®, ) at d" = 1. The finite component counts and component cube dimen-

sions of the latent generator architectures in J; ,, are fixed as n varies. The architectural © orders

use sufficiently large fixed constant factors supplied by the network constructions in the proof.
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The bound K applies throughout the optimization class to the observed variables V; and indexed
non-Gumbel latent variables U;, with n;, < K for categorical nodes and admissible intervention
coordinates in [— K, K]; it does not bound the separately supplied standard Gumbel noises. F,, =
inf {EtN“TEM\[F(Vl(t), Vi ()] M € NCMg(Fon, Fin), Sa, (PM(V), PM (V) < ozn}.
Truncation means coordinatewise clipping of the final output to [~ K, K]; in NN no finite
Lipschitz bound is imposed. F'* denotes the constrained infimum of the displayed scalar objective
over the stated canonical SCM class and its admissible latent laws, rather than a minimizing SCM.
The coordinates P(U;) in 6, are the population laws of the non-Gumbel latent variables, not
necessarily uniform laws; the independent standard Gumbel laws are fixed and omitted from this
population tuple. The continuous structural functions and categorical propensity functions of M*
have Lipschitz constants at most L in the paper’s 1-norm.

Additional conditions. For aresult cited in the proof of Theorem 4.2: Every objective expectation
used in (4.1) is a finite real iterated expectation. For each candidate over which the objective ranges,
the inner objective is integrable under its latent law for p-almost every intervention value, and
the resulting real conditional-expectation function is integrable under p. Almost-everywhere
versions are allowed. For a result cited in the proof of Theorem 4.2: The observational empirical
law P (V) is formed from n independent complete observations with common law PM" (V).
Remark (notation). €,, denotes a positive deterministic approximation-tolerance sequence indexed by
n € N, with its approximation role specified locally. In Proposition C.2: ¢, > 0 forn € N, ¢, — 0,
and it bounds the distance from each point of (:)00 to an available point of ©,,. In Theorem 4.2,
Corollary 4.4: In the radius definition, «,, = €, + s,, where €, > 0 is chosen with sufficiently
large constants in €, = O (WJ ,1/ B 4 S22 L, 3/ By To(1 —log Tn>). In a result cited in the
proof of Theorem 4.2: In the empirical generator concentration argument, ¢, is a local deterministic
deviation tolerance in the bound supy, . W (P(fo, ;(Zi;)), P, (fo.;(Zi;))) < €nte;itis chosen as
en = Cmy, V(s +2) log m,, with fixed C' > 0 sufficiently large. This local choice is distinct from the
architecture approximation tolerance in the constraint radius. s,, is a deterministic tolerance sequence
indexed by n, specified by its displayed asymptotic order rather than by a unique numerical formula.
In Theorem 4.2: s,, > 0 is chosen as a sufficiently large constant multiple of the quantity in the
displayed order O (mﬁl/(D”) log m,, + Lrntlen)logmn | =1/ max{2,Du} 1ge2 4 log(nmn))\n>,

Vi
where Dy = > 7Y d? includes the non-Gumbel latent variables only and D = max{1, Dy }. In

Corollary 4.4: s, > 0 is chosen as a sufficiently large constant multiple of the quantity in the
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displayed order O (mﬁl/(DH) log m,, + Lrntlen)logmn -1/ max{2,Du} 1ng2 py 4 log(nmn)An),

NG
where Dy = 37", d7 includes the non-Gumbel latent variables only and D = max{1, Dy }. 7, is

a sequence indexed by n, used locally either as a generator temperature or as an additive tolerance
in an approximate Lipschitz bound. In Proposition C.2: 7, is the additive tolerance in equation C.1,
and 7, — 0. In Theorem 4.2, Corollary 4.4: In the network architecture and growth conditions,
T, > 0 1s the Gumbel-softmax generator temperature and 7,, — 0; in the proof’s application of the
optimization proposition, its additive tolerance is assigned the separate value 4(1 + log(nm,,))A,.
In a result cited in the proof of Theorem 4.2: When verifying equation C.1, 7,, denotes the additive
tolerance 4(1 + log(nm,))\,, which tends to zero under the stated regularization condition; this
assignment does not identify it with the generator temperature. W, is the width parameter of
the structural-function approximation class g, indexed by sample size n. In Theorem 4.2,
Corollary 4.4: Wy, — 0o as n — 00, as required by lim,,_, o, min{7,;*, W ,,, (log(nm,)\,) '} =
00. L, 1 = 1,2, indexes the depth sequences of the first and second parts of the latent-distribution
generator architecture, with n the sample-size index. In Theorem 4.2, Corollary 4.4: L;, =
@(mflg‘a"/ (2dg“"‘"+4)) for i = 1,2, with m,, = Q(n). s denotes the fixed integer depth parameter
s = 1, distinct from the quantization parameter § and the quantization mesh ¢§ /n.

Note that our theorem shows that the lower limit of the solution is large than the point Ei-f ,
where L 7 1s slightly larger than the original constraint L; we impose on the structural functions.
Hence, this point can potentially be slightly smaller than the sharp bound F*/. This worsening is
due to the fact that we need to use NN that satisfy a slightly worse Lipschitz property, to ensure that
we have sufficient approximation power. Although Theorem 4.2 does not guarantee { F},} converges
to a point, it states that { F},} may oscillate in the interval [Eff , F..], which will still give a useful
lower bound to ground-truth value F.. In particular, if the graph is identifiable, we have F™* = I Ly
and { F,, } converges to F™*. Also, note that in Theorem 4.2, we use wide NNs rather than deep NN
for Fy, because results in [52] show that wide NNs can approximate Lipschitz functions while
controlling their Lipschitz constants (a property that is not yet established for deep NNs). Similar
results can be obtained if wide neural nets are used for all components, invoking Theorem 3.6.
Remark (notation). FX (K, K,) denotes a class of bounded Lipschitz continuous maps f : K; —
K5, with the norm bound and Lipschitz restriction given by its local definition. In Theorem 4.2: In
the statement and the limiting optimization, 7~ = {f : sup, || f(z)| < K, Lip(f) < L}, with

the supremum over the full structural input domain; in the proof’s displayed population-function
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definition, FX = {f : || fll«« < K, f Lipschitz continuous}, where the function infinity norm is
the uniform coordinatewise bound and that display supplies no numerical Lipschitz bound. In Corol-
lary 4.4: The population bounded Lipschitz class is 2 = {f : sup, || f(2)|: < K, Lip(f) < L},
with the supremum over the full structural input domain. NA°>* clips the final generator output
coordinatewise to [— K, K|, with no imposed Lipschitz bound; its suppressed dimensions and
component structure are those of the corresponding generator class. F;, is the scalar infimum of
Eimpr E g [F(Vi(2), ..., Vi, (t))] over the candidate neural causal models admitted by the empir-
ical optimization, subject to S ,\n(PW/E’Z (V), PM(V)) < «,, wherever this value is defined; an
attained minimum has the same value. In Corollary 4.4: F,, is the optimal value of the locally

specified restricted optimization, retaining the objective and Sinkhorn constraint of (4.1) and us-

ing the specified classes Fy,, and F,,. The minimized objective is —— [ wilY (t)] dt. Each

to—t1 Jt1
continuous structural network f; € Fy,, satisfies sup, || fi(z)|l1 < K on its full structural input

lq(z)[[x >0

for every structural input z, and Lip(z — q(z)/||q(2)|1) < Ef. For each sample size, every

domain. Each categorical raw structural network ¢ € Fy, satisfies ¢(z) € [0, 00)™,

candidate empirical law is obtained by evaluating the candidate on the same m,, independent
draws of its uniform and Gumbel exogenous inputs, independent of the observational sample. In
Theorem 4.2: The optimization ranges over network representations using J , and F; ,. Each
continuous structural network f; satisfies sup, Hﬁ(x) |1 < K onits full structural input domain.
Each categorical raw structural network ¢ € Fy ,, satisfies ¢(z) € [0, 00)™, ||g(z)|| > O for every
structural input z, and Lip(z — q(2)/||q(z)|:) < L 7. For each n, all candidates are evaluated on
the same m,, independent and identically distributed draws of all exogenous inputs according to
their specified product law, including uniform inputs, generator Gumbel inputs, and categorical
Gumbel inputs, independent of the observational sample; representations with the same latent
population laws may yield different empirical constraints. pp is the given measure on treatment
intervention values used in the outer expectation ;... In Corollary 4.4: pp = Unif([t1, %)),
pr < P, and A% = ff(duT /dP(t))*P(dt) < oo, where P is the reference probability measure
on the treatment space. F, = E,.,,, Ex+[F(Vi(2),...,V,, (t))] denotes the population objective
evaluated at the true SCM. In Corollary 4.4: F, = ﬁ ttf Em«[Y (t)] dt, since F(V') =Y and
pr = Unif([ty,t5]). F* is the population optimal objective value in equation 4.2, minimizing
Eipr B[ F(Vi(t), . .., Vo, (t))] over canonical SCMs on G with structural functions in /* and

sy Vny

all latent distributions P(U ), subject to W(PH(V), PM (V) = 0. In Theorem 4.2: F'" uses the
class FX = {f : sup, || f ()

|1 < K, Lip(f) < L} in equation 4.2, with the supremum taken over
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the full structural input domain; categorical structural functions are normalized propensity vectors.
The conclusion evaluates this population optimal value at L = L ;o PYV)Y =030 Sy
is the empirical observational law of the n observed joint values from P (V). In Theorem 4.2,
Corollary 4.4: The n observations defining P" (V') are independent complete observations with
common law PM* (V). Prg (V') denotes the empirical observational law for the candidate M,
namely m,* """ 0y, and is indexed by the candidate rather than denoting only the law at an
optimizer. In Theorem 4.2: For each n, Prg (V') is obtained by evaluating every candidate network
representation on the same m,, independent draws of all exogenous inputs, including uniform
inputs, generator Gumbel inputs, and categorical Gumbel inputs; these draws are independent of
the observational sample. Different network representations with the same latent population laws
may give different common-draw empirical distributions. In Corollary 4.4: For each n, Png (V) is
obtained by evaluating every candidate network representation on the same m,, independent draws
of all exogenous inputs, including uniform inputs, generator Gumbel inputs, and categorical Gumbel
inputs; these draws are independent of the observational sample. Different network representations
with the same latent population laws may give different common-draw empirical distributions.
Fo,n 1s the prescribed structural network class at sample size n, with the input and output dimen-
sions appropriate to the node and with truncation applied coordinatewise. In Theorem 4.2: In
the parameter-space construction, a continuous-node candidate is a function ﬁ € Fo, satisfying
sup,, Hﬁ(a:) |1 < K on its full structural input domain. A categorical-node propensity is represented
by z — q(x)/||q(x)||1 with ¢ € Fy,, restricted to satisfy ¢(z) € [0,00)™ and ||¢(z)|; > 0 for
every structural input z, and Lip(z — q(z)/[|¢(2)|1) < L - The depth expression O(log d™. )
uses O(1 + logd™ ) when d™ = 1. In Corollary 4.4: A continuous-node candidate is a function
fi € Fon satisfying sup,, ||ﬁ(:c)||1 < K on its full structural input domain. A categorical-node
propensity is represented by x — ¢(x)/||q(x)]||1 with ¢ € Fy,, restricted to satisfy g(x) € [0, 00)™
and ||q(x)||; > 0 for every structural input x, and Lip(x — q(z)/[|q(z)]1) < IAJf. The depth expres-
sion O(logd™ ) uses O(1 +logd® ) whend® = 1. F, is the latent-generator network class

indexed by n, with architecture NN°%(0(dY,..), L1.,, ©((dY,.)?), Lan, ) and coordinatewise
output truncation to [— K, K|. In Theorem 4.2, Corollary 4.4: The finite component counts and com-
ponent cube dimensions of the latent generator architectures are fixed as n varies. A, > 0, indexed
by the observational sample size n, is the regularization parameter in SAH(PW/E (V), PM(V)).
In Theorem 4.2, Corollary 4.4: log(nm,)\, — 0 as n — oo. N denotes either the covering-

number functional when supplied with covering arguments, or a locally quantified causal model. In
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Lemma E.6, a result cited in the proof of Lemma E.6: N (e, S, ||- ||1) denotes the covering number
of the evaluation set S in the summed 1-norm; the separately marked averaged covering numbers
use the averaged empirical metric. In Proposition 4.3: In the proof, N' € { M, M } ranges over
the two causal models when bounding their structural regression functions. In a result cited in the
proof of Lemma E.6: N7"8(r, G, N) is the supremum over z1, ..., zy € X of the covering number
of {(g(x1),...,g(zn)) : g € G}indy(u,w) = N"' SN |u; — wy]; the concentration bound uses
r =¢/16 and N = 2m.

As a special case, we leverage Theorem 4.2 for a non-asymptotic rate for the ATE without
confounding. The following proposition proves the Holder continuity of ATE when there is no

confounding.

Proposition 4.3 (Holder continuity of ATE). Given two causal models M, M e M(G, Fr,U)
satisfying ?? 2.3 and ?? 3.2, let their observational distributions be v, ji. Suppose the norms of all
variables are bounded by K > 0. If (1) (Overlap) v is absolutely continuous with respect to one
probability measure P and the density p, (t|Pa(T) = x) > 6 > 0 for x almost surely and t € [t1, 1]
and (2) (No Confounding) there is no hidden confounder in the causal graph G, we have

b2 = 2C
| @y 0] - EglF @) Pn) < 2550 (s0) + 28200, ) P11, 12),
t1
where
D = max ({1} U { Vs categorzcal}) : L,=(LD+1)",
q= Z d; + [{i : V; is categorical}|, B = K(1+2qL,),

i:V; is continuous

and Cy = 4L,B + 2B max{L,, 1}.

Remark. The measure P is the reference probability measure on the treatment space: for X = Pa(7T'),
the conditional density notation means v(dt| X = x) = p, (t|X = x)P(dt). For each of M and M,
Max;cny]jcino] Ll Villso |Ujlle} < K almost surely, where the indexed U; are the non-Gumbel
latent variables. The measure P is a probability measure on the treatment space, and for almost
every parent value z, v(dt | Pa(T) = ) = p,(t | Pa(T') = x) P(dt), with the stated density version
satisfying p, (¢t | Pa(T) = x) > 0 for every t € [t1, to].
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Remark (notation). Y denotes the real-valued outcome in the comparison distribution or comparison
causal model. In Lemma C.3: (T,Y) ~ p, with f(t) = EM[? | T = t]; the proof treats this
pair as supported in {(¢,7) : ||(t,y)]lc < K}. In Proposition 4.3: Y is the outcome coordinate
generated by M\ , whose observational law is y; }A/(t) denotes its outcome under intervention 1’ = ¢,
and |}A/| < K. Cy is a numerical comparison coefficient whose defining formula depends on the
context. In Lemma C.3: Cy = 4LK + 2K max{L, 1}, where L bounds the Lipschitz constants of
f and fand K bounds their absolute values. In Proposition 4.3: Cy, = 4L, B + 2B max{L,, 1},
where L, = (LD + 1)"V, D = max ({1} U {21 : V; is categorical } ), ¢ = > d; +
{3 : V; is categorical}|, and B = K(1 + 2¢L,). Writing X = Pa(T), p,(t | X = x) is the

conditional treatment density of v(dt | x) with respect to the comparison measure P(dt), so that

4:V; is continuous

v(dt | ) = p,(t | x)P(dt); its overlap lower bound holds for vx-almost every x and ¢ € [ty, t5].
0 > 0 denotes a locally specified positive real parameter. In Proposition 4.3, Corollary 4.4: § in
the overlap premise is the lower bound satisfying p, (¢ | Pa(7") = z) > ¢ for x almost surely and
t € [t1,t2]. In Lemma E.4: § is the auxiliary threshold for the gaps between G; + log p;; at the end
of the proof it is chosen as 0 = —7 log 7. In Proposition C.1: In the proof, § parameterizes M: the
covariate has an atom at 9, and the outcome equation contains X /9 for X > 0; the construction takes
0 — 0. In Lemma E.6: § is an arbitrary positive tolerance; the probability bound is for each fixed
pair 0, ¢ > 0. In the proof, Hs has uniform-norm covering radius 4/2, so replacing a test function
by its representative contributes at most ¢ to the difference of its empirical and population integrals.
In Theorem 4.2: In the simulation-concentration argument, the empirical Wasserstein bound is

1/(D+2) logm,, + Hnm;l/2 log my,;

applied with 6 = r,,, where H,, = 1+ Ly, + Lo, and r,, = m,
its other tolerance is ¢ = Ayr,. In a result cited in the proof of Theorem 3.6: For a component
of positive dimension ¢ = df’, § = 1/[/q(¢ + 1)n(n — 1)] is the source quantization parameter,
and the quantization mesh is & /n; here n = | (W, /A,)'/7] for W, > A,29, with A, > 1 depending
only on ¢. In Corollary 4.4: Separately from the overlap parameter, the proof’s simulation-
concentration argument chooses the local tolerance 6 = r,,, where H,, = 1 + Ly, + Lo, and

S0+ logm,, + H,mn, 1/2 log m,,, for sufficiently large n; the other tolerance is ¢ = C'r,,

Tp =M
for a sufficiently large fixed positive constant C. t; is a real scalar whose role is local to the
intervention interval or the Lipschitz comparison. In Proposition 4.3, Corollary 4.4: ¢, is the fixed
lower endpoint of the intervention interval [¢;, t5]. In Corollary 4.4: ¢; < to, and pr is the uniform
probability law on [t1, t5]. In Lemma C.3: In the proof, ¢; is the treatment coordinate of the first

arbitrary comparison point (t1,y1) in {(¢,y) : ||(t,y)||cc < K}. ts is a real scalar whose role is
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local to the intervention interval or the Lipschitz comparison. In Proposition 4.3, Corollary 4.4: t,
is the fixed upper endpoint of the intervention interval [¢;, 2. In Corollary 4.4: t; < t5, and pur is
the uniform probability law on [t1, t5]. In Lemma C.3: In the proof, ¢, is the treatment coordinate of
the second arbitrary comparison point (o, y2) in {(¢,y) : ||(¢,y)]|c < K}

As a corollary of Proposition 4.3 and Theorem 4.2, we can give a convergence rate for the class

of estimands in Theorem 4.2.

Corollary 4.4. Let F, jur in Theorem 4.2 be F(V') =Y, up ~ Unif([t1, t2]), and € > 0. Suppose
that t, < to. Suppose that the assumptions in Proposition 4.3 and Theorem 4.2 hold. Suppose in
addition that pp < P and

AZ = /: (%(t))QP(dt) < 00,

where P is the reference probability measure in Proposition 4.3. Use the network classes Fg ,
and Fi ,, and the population structural classes specified in Theorem 4.2. In (4.1), restrict each
continuous structural network f; € Fo.n to satisfy sup, Hﬁ(x) |1 < K on its full structural input
domain, and restrict each categorical raw structural network q € Fy , to satisfy q(x) € [0, 00)™,

lg(z)|l1 > 0 for every structural input x, and

bip (w ~ qugul) <Lr

For each sample size, obtain every candidate empirical law by evaluating the candidate on

the same m,, independent draws of its uniform and Gumbel exogenous inputs, independent of the
observational sample. Let F,, be the optimal value of this restricted optimization, retaining the

objective and Sinkhorn constraint of (4.1). Put

ny
Dy=>_dY,  D=max{l,Dy},
j=1

where the sum includes only the non-Gumbel latent variables. Take o, = €, + s,, with positive

tolerances chosen as sufficiently large constant multiples of the respective quantities in

2
€, = O (Woti/dtr’xlxax + Z L;ﬁ/d%ax + Tn(l _ ].Og Tn)) ,
=1
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(Ll,n + Lgm) IOg my,
Vi
Then, with probability at least 1 — O(n™?), we have |F,, — F.| < O(\/ay,), where F, is defined

in Theorem 4.2 and F,,, v, are specified here.

S, =0 (mnl/(D”) logm, + 4 p Y/ max{2Dul 1692 4 log(nmn))\n) .

Additional conditions. In this result the bound K applies to every SCM of the model class
over which the optimization ranges, not only to M*: every variable has norm at most K, so each
categorical V; with labels in [n;| has n; < K, and every intervention value lies in [— K, K|. The
expectation defining F is a finite real iterated expectation. The inner objective is integrable under
P(U) for ur-almost every intervention value, and the resulting real conditional-expectation function
is integrable under pp. Almost-everywhere versions are allowed. Every objective expectation used
in (4.1) is a finite real iterated expectation. For each candidate over which the objective ranges, the
inner objective is integrable under its latent law for jr-almost every intervention value, and the
resulting real conditional-expectation function is integrable under jip. Almost-everywhere versions
are allowed. Every objective expectation used in (4.2) is a finite real iterated expectation. For
each candidate over which the objective ranges, the inner objective is integrable under its latent
law for pp-almost every intervention value, and the resulting real conditional-expectation function
is integrable under pp. Almost-everywhere versions are allowed; one-sided infinite expectations
are outside this real objective domain. In the categorical structural equations, arg max selects the
smallest maximizing label when there is a tie. This is a measurable completion on ties, under the
stipulated independent standard Gumbel noises and nonnegative propensity weights of positive

total, it leaves every fixed-intervention law unchanged.

Remark. The observational empirical law P (V') is formed from n independent complete
observations with common law P (V). The variable bound inherited from Assumption 3.2 uses

| * [|oo- e = Unif([tq, t2]) is the deterministic intervention probability measure.

S Experiments

In this section, we examine the performance of our algorithm in two settings. We compare our
algorithm with the Autobounds algorithm [14] in a binary IV example in [14] and in a continuous

IV model to calculate bounds for ATE !. Since Autobounds can only deal with discrete models, we

IThe code can be found in https://github.com/Jiyuan-Tan/NeuralPartialID
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discretize the continuous model for comparison purposes. The implementation details are provided
in the Section D. We also provide an extra experiment on the counterexample of Proposition C.1 in

the appendix to show the effect of Lipschitz regularization.

5.1 Discrete IV

The setting of the first experiment is taken from [14, Section D.1]. This is a binary IV problem and
we can calculate the optimal bound using LP [4]. The causal graph is shown in Figure 3. We find
that our bound is close to the optimal bound. Both algorithms cover the true value in all runs. We
could see from Table 1 that the bound given by NCM is slightly worse than Autobounds, but is still
close to the optimal bound. Besides, the avgerage Autobounds bound does not cover the optimal

bound in this example.

¥ \\
Figure 3: Instrumental Variable (IV) graph. Z is the instrumental variable, 7’ is the treatment and Y

is the outcome.

Algorithm Average Bound | SD of length | Optimal Bound | True Value
NCM (Ours) [-0.49,0.05] 0.05 [-0.45, -0.04] -0.31
Autobounds ([14]) | [-0.45,-0.05] 0.02 [-0.45, -0.04] -0.31

Table 1: The sample size is taken to be 5000. We average over 10 runs with different random seeds.
SD is short for the standard deviation. In all runs, the bounds given by the two algorithms all cover

the true value.
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5.2 Continuous IV

Now, we turn to the continuous IV setting, where 7' is still binary, but Y and Z can be continuous.
Let E} ~ AZ; + (1 — \)Unif(—1, 1), where Z; is the Gaussian variable conditioning on [—1, 1]

and the structure equations of M? to be

By =E)\U=E,,7Z=Ej,
P(T=1Z)=(15+Z+0.5U)/3,
Y =37 —1.5TU + U + Ey,

where E} are independent. It is easy to see the ATE of this model is 3 regardless of \. In the
experiment, we randomly choose ten A ~ Unif(0, 1). For each A, we run the algorithms 5 times to
get the bound. We choose different latent distributions (indexed by \) in the experiments to create
more difficulty.

Since Autobounds can only deal with discrete variables, we discretize Z and Y. Suppose that
Z € [l,u], we map all points in intervals [l +i(u — ) /k, I+ (i + 1)(u —1)/k], ] =0,1--- [k —1
to the middle point [ + (i + 1/2)(u — 1) /k. We choose k = 8 in the following experiments. The
choice will give rise to polynomial programming problems with 2'* decision variables, which is
quite large.

Table 2 demonstrates the results. While both algorithms cover the true ATE well, we can see
that NCM gives much tighter bounds on average. The main reason may be that the discretized
problem does not approximate the original problem well enough. It is possible that a larger
discretized parameter k can give a better bound, but since the size of the polynomial problem grows
exponentially with £, the optimization problem may be intractable for large k. On the contrary,

NCM does not suffer from computational difficulties.

6 Conclusion

In this paper, we provide theoretical justification for using NCMs for partial identification. We show
that NCMs can be used to represent SCMs with complex unknown latent distributions under mild
assumptions and prove the asymptotic consistency of the max/min estimator for partial identification
of causal effects in general settings with both discrete and continuous variables. Our results also

provide guidelines on the practical implementation of this method and on what hyperparameters are
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Algorithm Average Bound | SD of length | Success Rate | True Value
NCM (Ours) [2.49,3.24] 0.49 50/50 3
Autobounds ([14]) [1.40, 3.48] 0.26 50/50 3

Table 2: We take a sample size of 5000. We randomly choose 10 A ~ Unif(0, 1) and get 10 models
M. For each model M*i, we run the two algorithms 5 times. The success rate is the number of
times when the obtained bounds cover the true ATE divided by the total number of experiments. SD

1s short for the standard deviation.

important, as well as recommendations on values that these hyperparameters should take for the
consistency of the method. These practical guidelines were validated with a small set of targeted
experiments, which also showcase superior performance of the neural-causal approach as compared
to a prior main contender approach from econometrics and statistics, that involves discretization
and polynomial programming.

An obvious next step in the theoretical foundation of neural-causal models is providing finite
sample guarantees for this method, which requires substantial further theoretical developments
in the understanding of the geometry of the optimization program that defines the bounds on the
causal effect of interest. We take a first step in that direction for the special case, when there are no

unobserved confounders and view the general case as an exciting avenue for future work.
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A Illustration of Notions in Section 2

Figure 4: An SCM example. Figure 5: The causal graph of this SCM.

To further explain the notions in Section 2, we consider the following example. Let M be an

SCM with the following structure equations.
(
(
= f3(\, V27U27U4) (A.1)
(Vs
(

where U; and Us are correlated and Us, Uy and (Uy, Us) are independent. The causal model is
shown in Figure 4 and its causal graph is shown in Figure 5. In this example, Uy, = {U}, Uy, =
{U1,Us}, Uy, = {Us, Uy}, Uy, = {Us,Us}, Uy, = {Us}. Since Uy, U, are correlated, C; =
{Vi, Vs, V3} is one C? component because all nodes in C} are connected by bi-directed edges. Note
that {V7, V5, V3, V,} isnot a C? component because V; and V5 is not connected by any bi-directive
edge. The rest of C? components are Cy, = {V, V5}, Cs = {V3, V4 }.

Now, we consider the intervention V; = ¢. Under this intervention, the structure equations can
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be obtained by setting V; = ¢ while keeping all other equations unchanged, i.e.,

Vi(t) =t,

Va(t) = f2(Ur, Ua),

Vs = f3(V1, Vo, Us, Us),
Vi = fu(V3.Us, Uy),
Vs(t) = f5(Va, Us).

The figure of this model under intervention is shown in Figure 6.

Figure 6: The SCM after intervention V; = ¢.

B Proof of approximation Theorems

B.1 Illustration of how to construct canonical representations and neural

architectures

In this section, we illustrate how to construct canonical representations and neural architectures
given a causal graph via a simple example. We consider the example in the previous section. The
causal graph is shown in Figure 5.

Following the construction in Proposition B.1, we use one latent variable for each C* component.
As we explain in Section A, this causal model has three C? components, {V;, Vo, Va}, {V3, Vi}, {Vi, Vs 1.

In the canonical representation, exactly the latent variables enter their corresponding C? component.
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Figure 7: The canonical representation of Fig-  Figure 8: The neural network architecture.

ure 5.

The structure equation of this SCM is as follows.
= f1(Va, E1),
= f2(En),
= f3(Vi, V2, By, En), (B.1)
= fa(V3.E»),
= f5(Va, E3),

— J5

(
(
(
(

If we set By = (U1, Us), By = Uy, E5 = Us, (B.1) is equivalent to (A.1). Therefore, we can see
from this example that the canonical representation does not lose any information about the SCM.

Now, we show how to construct the NCM architecture from a canonical representation. As we
mentioned in Section 3, we approximate the latent distribution by pushing forward uniform and

Gumbel variables. The structure equation of the NCM is

(Ve g1 (20)),

22 (91" (Z0)),

F5* (Vi Va, ¢ (21), 95 (Z2)), (B.2)
Vi= f 2 (Vs 92 H(Z2)),

157 (Vi 93°(Z3)),
where ff ‘ g?j are neural networks, Z; are join distribution of independent uniform and Gumbel
variables, and g?j has the special architecture described in Section 3.1 and Section 3.2. Figure 8

shows the architecture of the NCM. Each in-edge represents an input of a neural net.
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B.2 Proof of Theorem 3.3

The causal graph G does not specify how latent variables influence the observed variables. There
could be many ways of recovering the latent variables from a graph G. Figure 9 shows an example
where two different causal models have the same causal graph. The next proposition gives a

canonical representation of a causal model.

ECch @ ®
—()—)

Figure 9: Example: two different SCMs with the same causal graph.

Proposition B.1. Suppose that ?? 2.3 and ?? 2.4 hold, given any SCM M with causal graph G and
latent variables U, we can construct a canonical SCM M of the form (3.1) by merging the latent
variables in U such that M and M produce the same intervention results. Besides, the continuous
structural functions in M have the same smoothness as those in M. The categorical functions in
M have the smoothness of the normalized propensity functions f;/|| f;||1: normalization preserves
differentiability order and local Lipschitz regularity wherever || f;||1 > 0, and coordinate regrouping
preserves any global Lipschitz regularity these normalized functions possess.

Additional condition. [In the categorical structural equations, arg max selects the smallest
maximizing label when there is a tie. This is a measurable completion on ties; under the stipulated
independent standard Gumbel noises and nonnegative propensity weights of positive total, it leaves

every fixed-intervention law unchanged.

Remark. The categorical generation formula requires f;(z) € [0,00)™ and ||f;(x)||; > 0 on its

structural input domain. A zero categorical coordinate has extended logarithm log 0 = —oc.

Proof of Proposition B.1. Let G = {Gy, : V; is categorical }. By ?? 2.3 and ?? 2.4, the remaining

latent variables Uy, . . . , Uy, and the Gumbel coordinates are independent. For a categorical variable,
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put s;(x) = || fi(x)||; and m;(x) = fi(x)/s;(x). The categorical generation assumption requires

nonnegative coordinates and s;(x) > 0 on its structural input domain. For positive coordinates,

log 7:,;(x) = log f3,(x) — log s:(x).

The subtracted term is common to every coordinate, so replacing f; by m; leaves its Gumbel
argmax unchanged. Zero coordinates remain zero and have extended logarithm —oo. Thus this
replacement preserves the categorical structural output for every input and the normalized vector
belongs to the probability simplex.

Let Dy, ..., D, be the maximal C*-components. For a non-Gumbel latent variable define
I(Uy) = {V; : Uy, € Uy, }. Independence implies that every nonempty I(Uy) is a bidirected clique,
so it is contained in a maximal C2-component. Assign U}, to one such component, choosing one
when there is more than one choice. Unused latent variables may be assigned arbitrarily. Let (70 be
the tuple of variables assigned to C'; for an empty tuple use a constant latent variable. Disjoint tuples
are independent. Their coordinate projections recover the original joint law of the non-Gumbel
latent variables, and they are independent of G.

For each V;, supply all ﬁc with V; € C as canonical inputs. Project these tuples onto the original
inputs Uy; and ignore the other coordinates. Define its continuous function by applying f; to these
projected inputs and its categorical function by applying ;. Together with the unchanged parent
relations and Gumbel noise, these are exactly the normalized structural equations in (3.1). Every
original bidirected edge is generated by a shared original latent variable and remains present after
that variable is assigned to a component containing both endpoints. Every newly declared shared
tuple has its affected vertices inside its clique C', so it introduces no edge outside the original graph.
Hence the canonical causal graph is G.

Couple each tuple with its original coordinates and retain the same Gumbel variables. Under any
intervention, the treated variables agree by construction. In a topological order, suppose all parents
of the next untreated variable agree. Its projected latent inputs agree; its continuous structural
function is unchanged, or its categorical argmax agrees by the normalization identity. Its value
therefore agrees as well. Induction over this order proves equality of all observed variables under
every intervention, and hence equality of their intervention laws.

Coordinate projections preserve differentiability order and are 1-Lipschitz for the 1-norm, so

they preserve global Lipschitz constants of the functions to which they are applied. Continuous
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functions therefore retain their original regularity, and categorical functions retain the regularity
of m;. To verify the normalization claims, if f; is differentiable to a given order and s; > 0, the
quotient by the positive differentiable function s; has that same differentiability order. If f; is locally
Lipschitz, fix an input where s; > 0 and a neighborhood on which s; > a > 0. For two points z, y

in that neighborhood, nonnegativity gives |s;(z) — s;(y)| < || fi(z) — fi(y)]|, and

() si<y>H < e S M@l

This proves local Lipschitz regularity of the normalized propensity. If that propensity is globally

Lipschitz, composing it with the coordinate projections retains its global bound, completing the

stated regularity conclusions. [

Proof of Theorem 3.3. The structure equations of M have the form

v fi Pa(V;),Uy,) , V; is continuous,
arg maxyepn,) {9y + log (f; (Pa(V;),Uy;)), }, Vi is categorical, || f[1 = 1,

where g,‘f are i.i.d. standard Gumbel variables and M € M(G, F ) (7) has structure equations
fi <Pa(‘7i), ﬁv) : V; is continuous,

arg maxpefn,] {ﬁ,:,/l + log <J/C; (Pa(lA/Z-), ﬁv))k} . Vjis categorical, || fi]|; = 1,

)

)

where /g\,? arei.i.d. standard Gumbel variables. Let the treatment variables setbe T' = {11, - , T, }.
We may give all vertices and Uy = {U, - - - , U,,, }, an topology ordering (rearrange the subscript if
necessary)

Ui, -, UnU7 Ty, - Ty, Vl(t), ce ;an—nT(t)

such that for each directed edge (V;(t), V;(t)), vertex V;(t) lies before vertex V;(t) in the ordering,
ensuring that all edges start from vertices that appear early in the order and end at vertices that appear
later in the order. We put U, and T at the beginning because they are the root nodes of the intervened
model. We denote /iy, 1. (tesp. figy, 1.1.,) to be the distribution of Uy, T, Vi (t), - - -, Vi,(t) (resp.
Uy, T, Vi(t),+ , Vi(t). 15, 1y, 1. the distribution of Vi, given Uy, T, Vi(t), -+ , Vi (2).

Remark (notation). [i denotes the comparison probability measure on the same space as y. In
Lemma E.1: i is supported on the compact set X C R%. In Lemma E.3: /i = i1 ® - - - ® [i, is the

product of the comparison factor measures.
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Let S =" |Ifi — fillo- Put

D = max ({0} U {n; — 1 :V; is categorical })

A =max{1+L,1+LD/2}, B =max ({1} U{d; : Vj is continuous } U {n;(n; — 1)/2 : V; is categorical} ) .

Write © = (u, t,v1,...,v,_1) for a history, and let £}, denote the Wasserstein distance between

the two history laws through V.. Next, we prove that

W <M507T,1:k7 ﬁg@,T,l:k) < AW <u{]O,T,1:k—17 ﬁg@,T,l:k71> + BS. (B3)

By definition of Wasserstein-1 distance,

T ~T T ~T
w (MUQ,T,I:k? Hﬁo,T,l:k) = Ssup /g<u7 t7 U1y ,Uk-)d (:uUO,T,l:k: - uﬁo,T,l:k)
g€Lip(1)

T T
= sup /g(u,t,vl, e, Ug) dﬂvk|Uo,T,1:k—1 d:ng,T,l:k—l
g€Lip(1)

~T ~T
/g(u, t, v, ) d’u’\7k|(70,T,1:k—1 d“ﬁO,T,lzk—1

— T ~T ~T
= sup( )/9(“7 v, o) d <MVk|U07T713k*1 ~ Ho00.T 1:k—1) d“ﬁo T1:k—1
g€Lip(1 o o

-~

(1)

T T ~T
+ /Q(U, t,vg, - >Uk) d,UVk\Uo,T,l:k—l d (MUO,T,Lk—l - MﬁO,T,Lk_1> .

J/

-~

(2)

For (1), if V}, is continuous, the two conditional laws at history x are point masses at f;(z) and

fk(w) Since ¢ is 1-Lipschitz in the paper’s 1-norm,

= |g(x, fu(®)) = g(@, ful(x))]

< N fulx) = fu(@)]
< dil| fi — Filloo < BS. (B.4)

[ ste ) a7,

If V} is categorical, write p(z) = fi(x) and p(x) = 7 (x), with nj coordinates. These vectors

k
belong to A, . Put ¢(z) = (max; g(x, j) + min; g(x, j))/2. The range of j — g(x, j) is at most
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ni —1,and » . (p;(z) — pj(x)) = 0. Therefore

> (s(a) = BylaNal )| = [So(3(a) = By(a)) gl ) - cla)
<Y i) - i)
< Wlm ~ fill < BS. (B.5)

Remark (notation). f; denotes a locally indexed deterministic map whose domain and meaning are
those of the surrounding structural-model or partition construction. In Theorem 3.3, Theorem 4.2:
f 1s the structural function at observed node V}, with inputs its parents and affecting non-Gumbel
latent variables; its output is the continuous value or the normalized categorical propensity vector,
as appropriate.

For (2), if V; is continuous,

T T ~T
/g<u7 tug, -, ) dﬂvk\Uo,T,lzk—l d (:qu,T,l:k:—l - Mﬁo,T,l:k—1>

- /9 ('U/, t7 V1, 5 Uk—1, fk (pa<vk)7 U’Vk)) d (/’LEO,T,I:kfl - ﬁgo,T,l:k—l) . (B6)
Since g, fr are Lipschitz continuous functions, g (u, t, vy, -+, vg_1, fr (pa(vx), wy,)) is (L + 1)-
Lipschitz continuous with respect to (w,t, vy, -+ ,vx_1). We have

/9 (w,t,v1,- -, vp_1, fi (pa(vr), uwy,))d (M&,T,l:kq - ﬁgo,T,lzk—l)
<@ (1 aair BBy paps) - B

If V is categorical, the true conditional expectation of the test function is H (v) = > 7", p;(x)g(z, j).

For two histories , y, subtracting and adding ). p;(z)g(y, j) gives

H(z) — H(y) = ij(x)(g(x,j) — gy, 7)) + Z(pj(ﬂf) —pi(¥))g(y, 5).

The first sum has absolute value at most ||z — y/|. In the second sum subtract the midpoint of
the range of j — ¢(y, j); the probabilities sum to one and that range has length at most n; — 1.

Because the propensity vector is L-Lipschitz in the 1-norm,

Nk

|H () = H(y)| < [z —yll +

o) =l < (1 P52 o -yl < e - )
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It follows from the Wasserstein dual bound that

‘/ Hd </’L50,T,1:k71 - ﬁg@,T,l:k—l)

Combine (B.4)-(B.8), we prove Equation (B.3). The recurrence gives, for m = ny — np,

< ABg1. (B.8)

m—1
En < A"Eg+BS) A"
r=0
Indeed, at m = 0 the sum is empty and this is equality. If it holds at m, then

Eni1 < AE,, + BS < A" Ey + BS (1 + ZAT> = A" Ey + BSZAT-

r=1 r=0

This induction does not divide by L and includes L = 0. Define

ny —1
Cg(L, K;{d;,n;}) = max {A"V, B Z Ar} :
r=0
The identical intervention values contribute zero distance. The independent Gumbel coordinates
have the same law in the two models: coupling them identically gives an upper bound by the
Wasserstein distance of the non-Gumbel latent laws, while projection onto those latents gives the

reverse bound. Thus

Ey=W <PM(U), Pﬂ(ﬁ)> .
Projection from the joint history to the observed variables is 1-Lipschitz, and m < ny. Conse-

quently

—

W (PMV (1), PMV () < B

<
< Cy(L, K {di, nid) (s W (PM(U), Pﬂ(ﬁ)» . (BY)

]

B.3 Proof of results in Section 3.1: Approximating with Wide NN

Proof of Theorem 3.6 Part I. Put p; = P(C;) and p; = P|¢,/p;. Each component is compact

because it is homeomorphic to a compact cube. Distinct components have positive distance because
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they are disjoint compact sets and there are finitely many of them. A sufficiently small neighborhood
of a support point in C; meets no other component and has positive measure; hence p; > 0. If
d$ = 0, write C; = {c;}, use the unique map g: : [0, 1] — [0, 1]°, and set gi = c;. This produces f;
exactly.

For ¢ = d° > 1, choose g € H([0,1],C;) N FL([0,1]¢, C;) from Assumption 3.4, and put
vi = ((g5) ') »pi. We instantiate Theorem VIIL1 of [43] with its positive integer depth parameter

s = 1. For a refinement integer n > 2, set

. 1
- [Valg+n(n —1)T

Since /q(q + 1) > 2, this choice satisfies

1 1
< .
Vilg+1n(n—-1) n(n-—-1)
The quantization mesh in the cited theorem is § /n. Its conclusion supplies a one-input, g-output

0<d<

ReLU network ® with at most C,(n? + n?"!) nonzero weights and biases, depth 4¢ — 2 in the

source’s convention, and Euclidean Wasserstein error at most

\2/_3+2\/‘_1+Q(Q+1)(n_1)5<ﬂ 207 Vi 33

n 2 So T * o 0

Here C, depends only on ¢. The pointwise inequality between the 1-norm and the Euclidean
norm multiplies this Wasserstein bound by at most /g, giving error at most 3¢/n in the paper’s
norm.

A hidden unit with zero incoming weights and zero bias has identically zero output and can be
deleted. After deleting these units, every remaining hidden unit accounts for a nonzero weight or
bias, so every hidden layer has width at most C,,(n? + n?~') < 2C,n4. Clip the output coordinates
into [0, 1] using ¢ — max{¢,0} — max{t — 1,0}. This requires width 2¢ and a fixed number of
additional layers. Clipping fixes the target cube and is 1-Lipschitz in the 1-norm, so its application
to the first marginal of any coupling cannot increase the error. There is consequently a constant
A, > 1, depending only on ¢, such that the clipped network has width at most A,n? and hidden
depth O(q).

For every sufficiently large width budget, specifically W; > 4,29, choose

n=[(Wi/A4,)"1].
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Thenn > 2, A,;n? < Wiy, and n > (W, /A,)"9. With this choice the clipped network 3
q 2 q pp 1

satisfies

. 3 _
W(P@(U)),v:) < =2 < 6gAY W%, Uy~ Unif([0, 1),

Thus the refinement integer increases with width, while the depth parameter stays equal to 1; the
mesh 0 /n is ©,(W, 8/ 7). Padding with zero units realizes width W, without altering the function.

For each scalar coordinate of g3, apply Theorem 2(b) of [52] with positive input dimension
q. It supplies width 2¢ + 10 and error bounded by a constant times the coordinate modulus of
continuity at a constant times the number of weights raised to —2/q. At this fixed width the
number of weights is proportional to depth. The Lipschitz modulus therefore gives coordinate
error O(Ly*/?). Parallelizing the d coordinate networks gives width ©(dq) and a map g with
g5 — Thlle = O(L, S 7). Reserve a fixed number of layers for clipping into a box [—B, B]?
containing all components; the remaining depth is proportional to L, for sufficiently large L, and

clipping cannot increase any coordinate error. Lemma E.1 gives

W (s, (35 0 31 (U0)) < LOW; ) +d O(L, 1) = 0w "+ 1,%1),

where L; is the fixed chart Lipschitz constant.

Take independent uniform inputs U;. Pad the first-block hidden depths to a common value
©(D¢) and the second-block widths to ©(dD¢). Identity layers on nonnegative hidden outputs
preserve the maps. Let ji; = P (g5 o 9% (U;)). For budgets at least 1, each positive ¢ < D¢ satisfies

Wl_l/ 1< Wl_l/ Pe and L, 24 <Ly 2/Pe Singleton errors are zero. Lemma E.2 hence yields

W (Py Z]%ﬁz) sz szﬂz S O (H{maxi dic>0}<W1_1/DC + L2_2/DC)> .

Let X7 be the Gumbel-softmax weights with probabilities p;, independent of the block outputs,
and let X be their one-hot limit. The output with weights X° has law >, p;fi;. Lemma E.4
gives W(P(XT7), P(X°)) = O(r — tlog ) for 0 < 7 < 1. Couple the weights and use identical

independent block outputs v; in the two constructions. Since ||v;||s < B,

Z(XZT - X?)Uz‘

i

<D IXT = X[l < dBXT = X°.

i
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Taking expectations and the infimum over weight couplings bounds the additional output
Wasserstein error by O(7 — 7log 7). The triangle inequality proves the stated estimate. If every

component is a singleton, both deterministic blocks are exact and only the mixing error remains. [

Remark (notation). 11; denotes the component measure or probability-vector coordinate specified
by its local decomposition. In Theorem 3.6: ¢ € [N¢| and p; = Pg, /P(C;), where Pg, is the
restriction of P to C;, whenever P(C;) > 0. In Lemma E.2: ¢ € [n] and p; is an arbitrary
measure on R? entering the mixture Y, p;x;. In Lemma E.3: ¢ € [n] and y; is the ith factor
of f = g ® -+ ® u,, paired with i; on its factor space. In the result split from Theorem 3.6:
i € [N¢| and p; = Pg, /P(C;), where Pg, is the restriction of P to C;, whenever P(C;) > 0.
In Lemma E.5: ¢ € [n] and p; € [0,1] is the mass at x; in the finite probability measure with
weight vector 1 € A,,; a transportation plan satisfies » ; Tij = pi. In aresult cited in the proof
of Theorem 3.6: i € [N¢] and u; = P¢, /P(C;), where Pg, is the restriction of P to C;, whenever
P(C;) > 0. For i € [N¢], g} is a chosen map in H([0,1]%, C;) N FL([0,1]%, C;), whose inverse
pulls the component law back to the unit cube. In the result split from Theorem 3.6: gi is chosen
so that (g4),' 11i(B) = CyA(B)/P(C;) for every measurable B C [0, 1)%, where p1; = Pc, /P(C;)
and A\ is cube Lebesgue measure. In Theorem 3.6, the result split from Theorem 3.6: For dZC =0,
g% is the unique map from [0, 1]° to the singleton C;. Fori € [N¢]and j € [d], §57 : [0,1]% — R
denotes a coordinate network chosen to approximate (g); uniformly on [0,1]% . In Theorem 3.6:
When d¢ = 0, L’qéj is the jth coordinate of the constant affine map to the singleton C}, so its
approximation error is zero. h denotes the auxiliary function or positive grid spacing defined in
its surrounding passage. In Theorem 3.6: h(w, X) = w'X € RY, where w has N¢ coordinates,
X|oo € K. In
Lemma C.3: h(t) = (f(t) — f (t))f(t) is the real-valued auxiliary function in the proof, with
the stated Lipschitz constant L, = 4LK. In Lemma E.5: h(T) = 1 = >7 > Ti;log T}
is the entropy expression for 7" € TI(u,v), with 0log0 = 0. In Lemma E.6: h is a scalar test
functionin H = {h : [-K,K]? = R : h(0) =0, |h(x) — h(y)| < ||z — y||}, so its values lie in
[—dK, dK]; the concentration argument first fixes such an h and uses z; = /(h o f + dK)/(2dK).
In Theorem 4.2, Corollary 4.4: In the structural interpolation construction, h = 2K/R > 0 is the

X collects the N component outputs, and the stated region is ||w|j; = 1,

side length of a grid cell obtained by dividing each coordinate of [— K, K|™ into R equal intervals;
I, f is the resulting piecewise affine interpolant. In Proposition 4.3: In the proof, s = (a,t) and

h(s) = (]?y(s) - fy(s))ﬁ(s) on the bounded covariate domain (). The structural regression versions
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satisfy |f,|, ]f;| < B there, and |h(s) — h(s')] < 4BL,||s — §'||. Fori € [N¢|, i denotes the
chosen first generator block for component C;, with scalar input and d output coordinates. In the
result split from Theorem 3.6: For d¢ > 0, gi is the coordinatewise deep ReLU approximation of
the curve v, : [0,1] — [0,1]% satisfying (v;) 4\ = (gé);m; its coordinate networks have width
12 and depth L, its combined width is ©(d¢), and |7 — Yilloe < O(LI2/dic). In Theorem 3.6,
the result split from Theorem 3.6: For d¢ = 0, gi is the unique map to [0, 1]°. In Theorem 3.6:
For df > 0, gi is a quantized ReLU network of width W, and depth ©(d¢), chosen so that
W ((g5) 4" i P(G1(U7))) < O(Wfl/dic). In a result cited in the proof of Theorem 3.6: For a
component of positive dimension ¢ = d¢, §i is the quantized ReLU component generator of width
W1 and depth O(q) satisfying W ((g3)" 11, P(33(Us))) < O(Wy /%) The source construction uses
integer depth parameter s = 1, quantization parameter § = 1/[,/q(q + 1)n(n — 1)], and mesh 6 /n,

where n = [ (W, /A,)"/?] for W, > A,27 and A, > 1 depends only on g.

Proof of Corollary 3.7. Put p; = P(C;) and p; = P

compact support components are separated, and a neighborhood meeting only C; has positive

o, /pi- Each p; is positive: the finitely many

measure by the definition of support. If d© = 0, write C; = {c;}, use the unique map g :
[0,1] — [0,1]°, and set g = c;; the component error is zero. For ¢ = d¥ > 1, choose the chart
g5+ [0,1]7 — C; supplied by Assumption 3.5. Its pullback measure ((g4) )4, satisfies the cube
version of that assumption. Proposition B.2 supplies a curve ; : [0, 1] — [0, 1]? with this law and
coordinate moduli bounded by a constant times '/9. Apply Theorem 2(b) of [52] to each coordinate
of this one-input curve. Its modulus estimate gives uniform coordinate error O(L1_2/ 7). Parallelizing
the ¢ coordinate networks gives width ©(q); clipping their outputs into [0, 1]? adds a fixed number

of layers and cannot increase the errors. Coupling the two outputs at the same uniform input gives

W (PG (U:), ((9) ")) < allgh = villoe = O(LT).

For the second block, repeat the chart-coordinate approximation construction in the proof of
Theorem 3.6. In that construction, Theorem 2(b) of [52] applies with positive input dimension
q to each Lipschitz coordinate of gi. It supplies coordinate width 2¢ + 10 and error O(L, 2/ h.
Parallelizing the d coordinates gives width ©(dq) and uniform infinity error O(L, 2/ ?). Lemma E.1

therefore gives
W (115, P(G 0 G (U))) < LO(LyY) +dO(Ly 1) = O(L ™ + 1,29,
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where L; is the fixed chart Lipschitz constant. Take independent uniform inputs U;, and clip
second-block outputs into a fixed box [— B, B|? containing all components; this cannot increase
their uniform errors. Padding the parallel blocks gives the stated budgets. Let 11; = P(g5 o G4 (U;)).

Lemma E.2 gives

W <P7 szﬁz> sz /’627”1 O (H{I‘ﬂax dC>0}(L 2/D¢ + L;Z/DC)) )

Use Gumbel-softmax weights X ™ with probabilities p;, independent of all block outputs. Their
zero-temperature weights X select the mixture Y, p;i;. By Lemma E.4, W(P(X7), P(X?)) =
O(1 — 1logT) for 0 < 7 < 1. Couple these weights and use identical independent block outputs in

the two constructions. For any such outputs v; € [—B, B]¢,

< dB|XT - X°|.

Z(XZ - Xio)vi

i

Taking expectations and then the infimum over weight couplings bounds the additional output
Wasserstein error by O(7 — 7log 7). The triangle inequality proves the displayed result, including
the case where every component is a singleton.

The width factors here can be chosen universally. For ¢ > 1, each first-block scalar network has
width 12, so parallelizing its ¢ coordinates uses width 12¢. Each second-block scalar network has
width 2¢ 4+ 10 < 12g, so its d coordinates use width at most 12dq. The first-block clipping uses
at most 2q units, the second-block clipping at most 2d units, and carrying a signed intermediate
coordinate uses two units. Thus reserving four layers for these operations gives widths bounded by
64q and 64dg, respectively. Each remaining budget is at least half the corresponding total budget
once that total budget is at least eight, preserving each displayed error order. A singleton first
block is the unique map to the zero-dimensional cube; its constant second block can be carried
by at most 2d units. Since D¢ > 1, all component blocks therefore fit widths 64D and 64d D
The architecture is separable, so these are bounds for each component block and are independent
of the number of components. Zero units pad widths, and identity layers on nonnegative hidden
outputs pad depths; affine output maps recover signed coordinates. When d = 0, the target and
every component are the unique point of R, and the zero-dimensional blocks are exact. This proves

the absolute-factor interpretation without changing any generated law. [
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B.4 Proof of results in Section 3.1: Approximating with Deep NN

Space-filling Curve { Lipschitz Homeomorphisfn ~ Gumbel-Softmax

Figure 10: Architecture of the deep neural network for 4—dimensional output. The first (yellow)
part approximates the distribution on different connected components using deep ReLu Networks.

The remaining two parts are similar to the wide neural network in Figure 1.

We first start with an important proposition.

Proposition B.2. Let \ be the Lebesgue measure on |0,1]. Given any probability measure P
that satisfies ?? 3.5, there exists a continuous curve 7y : [0,1] — supp(P) such that v\ = P.

Furthermore, if d > 1, v is 1/d-Hélder continuous.

Remark. For every n, the cells of C,, are closed coordinate boxes covering [0, 1]¢; a cell may have
zero side lengths. For distinct cells C, C" € C,,, the partition condition is int(C') Nint(C") = (), with
interiors taken in R?. In the proof of Proposition B.2, C,, denotes the standard dyadic collection
{Hle[aﬂ_”? (a, +1)27"] 1 a, € {0,...,2" — 1}} The reference measure A\, denotes Lebesgue
measure on [0,1]%. In the proof of Proposition B.2, Z,, denotes {Io,;) : 1 < i < 2"} with
Io, @ = [(i = 1)27? 427", The mass assigned to Ip, ;) is Aa(Co, ) = 27

Remark (notation). - denotes a continuous measure-representing curve parametrized by [0, 1], with
parameter measure A equal to Lebesgue measure on [0, 1]. In Proposition B.2: In the statement,

7 : [0, 1] — supp(P) satisfies vz A = [P and is 1/d-Holder continuous when d > 1. In the proof’s
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change of coordinates, the locally denoted +y instead satisfies Y\ = f;IP; the curve representing
the original measure is f o . For d = 0, the representing curve is constant.

Before we prove Proposition B.2, we need to introduce some important notions. Let {C, } be
a sequence of partitions of the unit cube [0, 1]¢. We say {C,} has property (*¥) if the following

properties are satisfied.
1. Co={C_1},C_1=10,1)¢

2. Cpy1 = {Cil,h...77;n+1}ij:07,._72d,1 is arefinement of C,, = {C’il@_..,in}ij:07,._72d,1, ie., Ci iy i
2d_1: Ci, i ... Besides, C, is obtained by cutting the unit cube [0, 1]¢ by planes that are
In+1 0 1,22 ,tn+41 y g y p
paralleled to the coordinate planes.
Remark (notation). For n > 0, Cy = {[0,1]¢} and C,, = {C; ci: € 40,...,29 — 1} is
1 J

a coordinate-plane partition satisfying property (*), with each cell the union of its 2¢ children.

----- n

In Proposition B.2: For d > 1, the full cube-coordinate construction recursively refines closed
coordinate cells by cuts near their coordinate midpoints, perturbing the cuts to obtain P(0C) = 0
for each cell. It requires R(C,+1) < (1 4+ 27")R(C,); its cells need not be the standard dyadic
cubes. Here P is the measure after the proof’s change to cube coordinates. In Lemma B.3: When
d>1,C, = {[1",[a:27", (a, + 1)27"] : a, € {0,...,2" — 1}}; these cells are closed and may
share boundaries.

The following lemma is important in the construction of the Hilbert curve.

Lemma B.3 (Algorithm 3 in [25]). Given a sequence of partitions of the unit cube {C,} that has
property (¥), suppose that, when d > 1, C,, is the standard dyadic grid of closed cubes

Cn = {H[aﬂ”, (a, +1)27" 1 a, € {0,...,2" — 1}} :

r=1

There exists an ordering for each partition C,, i.e.,

Op:{1,...,2"} — {4y - ip 14, =0,...,2¢ — 1},
such that the following two conclusions hold.

1 If(j —1)-2¢ < i < j- 2% the first n digits of O,,1(i) are the same as O,,(j).

2. Adjacent cubes in the ordering intersect, i.e., Co, ) N Co, (i+1) 7 0. Furthermore, Co, iy N

Co,(i+1) is a d — 1 dimensional cube.
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Remark. The cells of C,, are closed and may share boundaries. Each O, is a bijection. The assertion
about adjacent cubes is quantified over 7 satisfying 1 < i < 2"¢.

Remark (notation). For each positive refinement level n, O,, is an ordering, hence a bijection, from
{1,...,2"} onto {4y - - - i, : i; € {0,...,2¢—1}}. In Lemma B.3: The chosen sequence preserves
parent prefixes: the first n digits of O,,, (i) equal O,,(j) when (j —1)2¢ < i < j2%; for 1 < i < 24,
consecutive cells Cp, ;) and Cp,, ;+1) share a (d — 1)-dimensional face. In Proposition B.2: The
proof chooses the sequence {O,, } for its recursively constructed cube partitions with parent-prefix
consistency: the first n digits of O,, (i) equal O,,(j) for (j — 1)2¢ < i < j2¢. Consecutive cells
share a (d — 1)-dimensional face for 1 < i < 2", and this ordering determines the order of the

corresponding mass-weighted parameter intervals.

Proof. For d = 0, every partition has its single point as its only cell. Choose the unique ordering;
the first conclusion holds and there are no adjacent pairs. For d > 1, use the recursive Hilbert
ordering on the dyadic lattice described in Section 2 of [25]. That construction visits every cell once,
visits all the children of a cell consecutively before moving to another cell, and joins successive
cells across a coordinate face. Label each child by its position among the 2¢ children of its parent,
and define O,,(7) to be the resulting address of the ith cell at level n. Visiting every cell once makes
O,, a bijection. Completing the children of the jth parent before visiting the next parent places
precisely the indices (j — 1)2¢ + 1,...,52¢ in that parent, so their addresses have prefix O, (7).
Successive dyadic lattice cells differ by one unit in exactly one coordinate and agree in the other
coordinates. Their closed cubes therefore intersect in the full common face, which has dimension

d — 1 and side length 27". This proves both conclusions. [

Proof of Proposition B.2. Without loss of generality, we can assume that P is supported on [0, 1]¢,
vanishes at the boundary and P(B) > C;\(B) for some constant C; > 0 and all measurable
sets B € [0, 1]¢. Suppose we have proven the conclusion for this case. By ?? 3.5, there exists
f e H([0,1)¢, K)NF([0,1]%, K) such that f;]P) satisfies these conditions. There exists continuous
function  such that f;IP’ = 4\, which implies P = (f o ). A\. In particular, if y is 1/d-Holder
continuous, f o 7y is also 1/d-Holder continuous because f is Lipschitz continuous.

When d = 0, the constant map satisfies the requirement. We focus on the case d > 1 in the
following. The proof is to modify the construction of the Hilbert space-filling curve. By changing
the velocity of the curve, the push-forward measure of the Hilbert space-filling curve can simulate a

great number of distributions. We use A to represent the Lebesgue measure [0, 1].
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We prove the cube case by first constructing a uniform Hilbert curve and then changing its

parameter. Write )\, for Lebesgue measure on [0, 1] and retain A for Lebesgue measure on [0, 1].
The cube probability measure satisfies P > C1 Ay, 500 < C7 < 1.
Remark (notation). R is a locally specified shape-ratio functional or fixed positive intervention
bound. In Proposition B.2: R(C) = max;y |a¥ — bF|/ min, . |a} — bF]| for the finite collection
C={C,...,Cp} with Cy =[]}, [aF, b}], wherever the denominator is positive. In Corollary 3.8:
R > 01is fixed before choosing M and bounds each continuous intervention value by Itillo < R;
the implicit approximation constant may depend on R, which remains fixed as the network budgets
tend to infinity and 7 | 0.

Step 1: Define partition. First, we construct a sequence of partitions that has the property (*)
recursively. Let Cy = {[0, 1]d}. Construct C,,; 1 by bisecting every coordinate interval of every cell
of C, at its midpoint. Label each parent’s 2¢ children by i,,,; € {0,...,2% — 1} and append this

label to the parent’s address. Induction gives

Cn = {H[a,ﬂ_”, (a, +1)27" 1 a, € {0,...,2" — 1}} :

r=1

These closed cube collections have the following properties.
1. C, is obtained by cutting [0, 1]¢ by planes parallel to the coordinate planes.

2. Every parent is the union of its 2¢ children, and

291 1
Cirrin = U Cirrininsss diam(Cly i) = ydiam(Ci, i),

int+1=0

3. Forevery C € C,,, \y(0C) = 0 and \4(C) = 27,

The midpoint halves cover each coordinate interval, so their products cover the parent. Each child
edge is half the corresponding parent edge, proving the diameter equality. Every level-n edge
has length 27", giving the displayed volume. Each boundary is a finite union of coordinate faces,
each having a singleton in one coordinate and hence zero product Lebesgue measure. Thus these
collections satisfy property (*), and every level-n cell has 1-norm diameter d27".

Step 2: Construct Hilbert Curve. By Lemma B.3, the standard dyadic collections C,, admit

orderings O,, satisfying the following properties.
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1. If (j — 1)2¢ < 4 < 524, the first n digits of O,,, (i) are the same as O,,(j).
2. Consecutive level-n cubes share a full coordinate face of dimension d — 1.

Let Z, = {[0, 1]}, we define Z, recursively. For n > 1, define

Io,o = [ — 127 2™, 1<i<2¥ I, ={Io,p: 1 <i<2")

Every assigned interval has length 27" = Ad(Co,i))- By the prefix conclusion of Lemma B.3,
the children of the ith level-n cube have precisely the indices (i — 1)2¢ + 1, ...,i2% at level n + 1.
Their intervals are consecutive, with first left endpoint (i — 1)292~("*Dd — (; — 1)27"4 and last
right endpoint 7292~ (14 — j9=nd_ Their union therefore equals Io,,#)- The level-one intervals
likewise cover [0, 1]. The child lengths sum to 242~ ("*1)@ = 2-74; the child cube volumes have the

same sum, with common faces of zero \;-measure. Consequently, for n > 1 and 1 < i < 279,

29 24
[ o,.@| = Xa(Co,@) = Z A(Co,,1 () = Z 110,10 (B.10)
j=(i—1)24+1 j=(i—1)2941

Construct a continuous polygonal curve H,, on these intervals: its initial and final points are
the centers of the first and last cubes, and at each internal interval endpoint its value is a point in
the common face of the two successive cubes. On each interval interpolate linearly between its
assigned endpoint values. Convexity places that segment inside its assigned cube. For a parameter
at an interval endpoint, both incident cubes contain the assigned value.

The nesting of the orderings implies that for m > n, H,,(t) and H,(¢) lie in one common
level-n closed cube. At interval endpoints choose the incident cube to the right, except at ¢t = 1,

where the last cube is chosen. Consequently

sup ||Hpn(t) — Hu ()] < d277.
te(0,1]

The curves converge uniformly to a continuous map H : [0,1] — [0,1]¢, and H maps every
assigned level-n interval into its assigned cube.

Let 0 < v < v < 1, and choose n > 0 with 2= (1?4 < 4y — ¢ < 274, The two parameters lie
in the same or successive level-n intervals. The corresponding cubes coincide or share a face. Their

union has 1-norm diameter at most 2d2~". Thus
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|H(v) — H(u)| < 2d27" < 4d(v — u)"4.

For any continuous scalar function ¢ on the cube, choose the center z, ; of each level-n cube.
Both

/0 o(H(t))dt and /[ ECEYE

differ from Y, 27"%p(z, ;) by at most the modulus of continuity of ¢ at d27". Letting n — 0o
proves Hy\ = A\g. The compact image of H therefore contains the support of A\, which is the
entire cube; hence H is surjective.

For each = € [0, 1]¢, define s(z) = min{t : H(t) = x}. The fiber is a nonempty compact set.
Moreover, {z : s(z) < a} = H([0,a]) is compact for every a € [0, 1], so s is Borel measurable
and H o s is the identity. The measure P — C )\, is nonnegative and has mass 1 — (. Define the

probability measure on the interval

p = Ol)\ + 8#(]1) - Ol/\d)-

It satisfies p > C1 A and

H#p = Cl)\d + (H o S)#(P — Cl/\d) =P.

This construction allows atoms in p and in P.
Put A(z) = p([0, z]) and define Q(0) = 0 and

Q) =inf{z € [0,1]: A(x) = t}, 0<t<1.

The domination of p gives positive mass to every nonempty open interval, so (1) = 1. Right
continuity of A gives, for t > 0, the equivalence Q)(t) < z if and only if ¢ < A(z). Therefore
Mt Q(t) < o} = A(x), which proves Qx\ = p.

Ifu <vand Q(u) < Q(v), take Q(u) < a < b < Q(v). The quantile definition gives A(a) > u

and A(b) < v, also when u = 0 or v = 1. Hence

Ci1(b—a) < p((a,b]) = A(b) — A(a) < v —w.
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Letting a | Q(u) and b 1 Q(v) yields Q(v) — Q(u) < C; (v — u). If Q(u) = Q(v) this bound
is immediate. Thus () is Lipschitz and continuous. The cube curve ( = H o () satisfies

Ceh=Hyup=P,  [¢(v) = C(w)]| < 4dCy o — u]/2.

For a measure on the original compact set K, apply this construction to (f~!)4P and take
v = f o(. Then yx\ = P, and the Lipschitz property of f preserves the exponent 1/d. Since the
domination assumption and the homeomorphism imply supp(IP) = K, this curve has the asserted

codomain. O]

Remark (notation). For i € [N¢], v; represents the pullback of the normalized component law y;
/\i,j

through gi, wherever P(C;) > 0. For i € [N¢] and j € [dY], ;" : [0,1] — R denotes a coordinate

network chosen to approximate (+y;); uniformly on [0, 1].

B.5 Proof of results in Section 3.2

Proof of Corollary 3.8. Suppose that structure equations of M are

. (Pa(V;),Uy;,), V; is continuous,
Vi— fi (Pa(V;), Uy,) Cier

arg maxien,] {g,‘g/ + log (f; (Pa(V;), U%))k;} , Vi is categorical, || fi||1 = 1

Put m; = d, let d®" be the output dimension of f;, and put m = d,_ > 0. In each structural
input, distinguish the real coordinates, consisting of continuous parents and non-Gumbel latent
coordinates, from the categorical parent coordinates. Let a; have value zero in every real coordinate

and value one in every categorical coordinate. Define the fixed constants

By = max ({1, R, K} U {n; : V; is categorical } U {|| fi(a;)|| : Vi is continuous}), H = 14+2Lm, B =

These constants do not depend on the intervention or on the network budgets.

We first bound all true structural inputs for the interventions in the statement. Work on the
probability-one event where every non-Gumbel latent coordinate has absolute value at most K.
Order the observed nodes topologically. We claim that the node in position ¢ has infinity norm at
most ByH*. An intervened continuous node has norm at most R < By, and a categorical node has

value at most its cardinality, which is at most By. For a nonintervened continuous node in position
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¢, the induction hypothesis bounds all its parents and latent coordinates by b = ByH*"!. Every
coordinate of a; has absolute value at most one, so its actual input z; satisfies ||z; — a;|| < 2m;b <

2mb. Consequently,

Ifi(z)lloo < Ilfiai)lloc + Lllwi — aill < Bo +2Lmb < Hb = ByH".

This proves the induction, including its first position. In particular, every true structural input
belongs to ; = [— B, B|™:, simultaneously for all permitted interventions. For m; = 0, interpret
Q; as the unique point of R°.

We next define a Lipschitz extension to real values of the categorical input coordinates. A
categorical input coordinate with only one category is always replaced by one. For each remaining

categorical input coordinate r, with category count ¢, > 2, clip its value x, to ¢, € [1, ¢, ], and set

k. = min{c, — 1, [t.]}, 0, =t — k. €10,1].

Let s; be the number of these remaining categorical coordinates. For 3 € {0, 1}, let z” retain
the real coordinates of x, replace coordinate r by &, + 3., and replace every one-category coordinate

by one. With w, o = 1 — 0, and w,; = 0, define

A= Y (ﬂwr,ﬁ) fi(?).

Befo,1}si \r=1

When s; = 0, the sum has one term with weight one. Thus this definition includes functions
with no categorical parents. At valid categorical labels it agrees with f;.

This interpolation preserves the L-Lipschitz bound in the paper’s 1-norm. Changing one real
coordinate leaves the interpolation weights fixed, so the difference is a convex combination of
differences bounded in 1-norm by L times the coordinate change. With all other coordinates fixed,
on each interval between consecutive labels a categorical coordinate gives a linear interpolation
between two vectors whose 1-norm difference is at most L. Its slope therefore has 1-norm at most
L; outside the label interval the function is constant in that coordinate. Splitting any coordinate
change at its finitely many intervening labels proves the same bound for an arbitrary change of that

coordinate. Changing all coordinates one at a time and adding the bounds gives
L (@) = i)l < Lz = y]-
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For a categorical output, the interpolation weights are nonnegative and sum to one, so f;(a:) €
A, for every real input .

Let IL; : R™ — (; be coordinatewise projection, explicitly

(ILz), = —B 4+ max{z, + B,0} — max{x, — B, 0},

and define f; = fj o II;. Clipping each coordinate cannot increase its distance from another
clipped coordinate; summing proves ||Tl;z — IT;y|| < ||z — y||. Hence f; is globally L-Lipschitz.

Since a; € Q;, for every z € (J; and every continuous output,

1 2)lloe < Ifil@lloo + Lllz = aill < Bo +2LmB < HB.

Thus f; is globally bounded by H B for continuous outputs; categorical outputs remain probabil-
ity vectors.

Use the same latent laws and Gumbel noises to form the model with structural functions f;.
Couple it with the original model using identical draws. Intervened nodes agree by their assigned
values. If the parents of a nonintervened node agree, their common original input belongs to ();
and has valid categorical coordinates. Projection fixes this input and interpolation agrees there with
fi» so the structural outputs agree; for a categorical node use the identical Gumbel draws and the
convention log 0 = —oo. Induction in topological order proves equality of the two interventional
laws for every intervention in the statement. The extended true model satisfies the boundedness
assumption with the fixed enlarged constant / B, because its nonintervened continuous outputs are
globally bounded by H B, its categorical labels are at most B, its assigned treatment coordinates
are at most By, and its non-Gumbel latent coordinates are at most By.

We now choose the neural approximants in place of the exact-minimizer construction. Reserve
¢ = 4 hidden layers of the structural budget for projection, categorical floors, and padding. For each
m; > 0, apply [52, Theorem 2], part b), to every coordinate of ff on ());, after the affine rescaling
z +— 2Bz — B1 from [0, 1]™. The rescaled coordinate functions have Lipschitz moduli bounded
by a fixed constant times their argument. The source gives scalar width 2m; + 10 and error at most
a fixed constant times the modulus at a constant times the number of weights raised to —2/m,. At
fixed width that number is proportional to hidden depth. Parallelizing the d{™* coordinates therefore
gives, for every sufficiently large L, a network ¢; of width at most d"'(2m; + 10) and hidden depth

at most Ly — ¢ such that
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sup [la:(2) — £1(2)lloe < Ci( Lo — )72/,

2€Q;
The constant C;; is fixed independently of L. For Ly > 2¢, choose a fixed A; > max{1, 92/ms Ci}

and set

€ = AZL[;Q/MZ .

Then choose one of the networks just supplied, so that its uniform error on (); is at most ¢;.

Define the structural networks by

~ q;(IL;z), V; is continuous,
filz) = A
(max{e;, (qz(HZx))k})Zzl, V; is categorical.

For m; = 0, instead set ¢; = 0 and let ﬁ = f; be the exact constant affine network. These
definitions specify ﬁ without any choice of a minimizer.

Projection uses one hidden layer with at most 2m; units, and each categorical floor is z —
¢; + max{z — ¢;,0}, using one further hidden layer. Affine maps between these layers and the
network ¢; are absorbed into the adjacent affine transformations. If signed coordinates must be
carried through a hidden layer, use z = max{z,0} — max{—z,0} with two units per coordinate.
Thus the reserved four layers suffice, with width at most 4m; 4+ 2d"'(2m; + 10) + 2d™. For m; > 1
and d > 1, this is at most 30m;d® < 64d™, d° , because 2m; + 10 < 12m;. A constant map
with m; = 0 uses at most 24" units per hidden layer by carrying its positive and negative parts,
which also fits this universal width since d,_ > 1. A zero-dimensional output needs no units. Zero
padding of units and insertion of identity layers on nonnegative hidden outputs give the structural
architecture and hidden depth L in the statement.

The continuous global approximation error is at most ¢;, because II;x € @); for every input z.

For categorical outputs, if p > 0 and € > 0, then

| max{e, 2} — p| < max{e, |z — p|}.

Indeed, for z > € the left side is |z — p|; for z < e and p < € it is at most ¢; and for z < € < pit

is p — e < p — 2. Apply this inequality coordinatewise at II;x to obtain
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sup || fi(x) = fi(@)]l < e

zeR™i

For m; > 0, every categorical coordinate is at least ¢, > 0. For m; = 0, the exact constant
vector is a probability vector. In both cases its 1-norm is strictly positive. The global error bound
holds also when generated latent or parent inputs lie outside ();.

For a categorical variable, at an arbitrary input z, put p = f;(x), ¢ = ﬁ(x), a = ||q||1, and
S = ||¢g — p||s- The construction gives a > 0 and S < ¢;. Since p is a probability vector and ¢ is

nonnegative,

CL_1| Z|QJ p] <n;S.

For sufficiently large Ly, simultaneously for all nodes with m; > 0, we have n;e; < 1/2, and

hence a > 1/2. Since [|p[|o < 1,

Hg _pH < g = pllee + 11 — alllpllo
00 a

< 2(ni + 1)S < 2(ni + e

For m; = 0, normalization is exact because ¢ = p and a = 1. For m; > 0, the inequalities
<dn and Ly > 1imply L, 2/m < Ly 2/ . Taking the supremum over every real structural

max

input therefore gives

fi
IFills

The continuous structural error has the same order without normalization. These bounds use

fi—

the fixed cardinalities n; and do not require n; < K. For each non-Gumbel latent variable U;
. .. . . U I . e . . . . . 9’
with positive dimension d; , apply the proposition entitled “Deep distribution approximation” to
its law. Choose the resulting generators with independent uniform and Gumbel inputs Z; and put
(7 = g,;(Z;). Each component cube dimension is at most the ambient dimension dU For budgets at

least one, the component bounds therefore give

2/dV

J _|_ L /

W(PU;), P(0;) < O (L; ’ (7 —rlogr)).

For a component of positive cube dimension g < dU the scalar first-block networks have width

12, and the scalar second-block networks have width 2q 4+ 10 < 12q. Parallelization gives widths
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U . . . U . . .
12¢ and 12d; q. Coordinate clipping needs at most 2q or 2d; units, and carrying signed values
requires at most twice the corresponding width; reserving four layers therefore gives widths at most

64¢q and 64d§-] q. A singleton component uses its exact constant blocks; carrying a signed constant
U

max

second-block output needs at most 2de units. Since d¥_ > 1, every component fits widths 64d

max
and 64(dY, ). These are the per-component widths in the separable architecture, so the number of
components does not multiply either width budget. Zero padding and identity layers on nonnegative
hidden outputs give the architecture in the statement. The numerical factor 64 is independent of
the model, 12, dimensions, and cardinalities; only the error constants and minimum depth budgets
may depend on the fixed model. A latent vector of dimension zero is the unique point of R® and is
represented exactly, with error zero. Independence of the original latent variables and independence

of the chosen generator inputs allow application of Lemma E.3, yielding

WP, Un), PO D) < S WP, P(T))

U

<O <L1_2/d’““‘ + L;Q/dg“‘" + (1t —7log 7')) )

U

Indeed, for d > 0, the inequalities d} < df,, and L, > 1 give L, 2/ < LY/

mx forr = 1,2,
and there are only finitely many latent variables. Identical categorical Gumbel noises may be
adjoined to both latent vectors without changing this bound: couple these noises identically for one
inequality and project onto the non-Gumbel coordinates for the reverse inequality. Let M be the

casual model with the following structure equations

fi (Pa(‘Afi), (/g\j(ZCj»cheri) , V; is continuous,

arg maXpefn,] {gk + log (ﬁ (Pa(ffi), (@(ch))UCjeUVi))k} .,V is categorical.

<

1

Replacing a categorical propensity vector f;(z) by f;(z)/||f(z)|: subtracts the same finite constant
log ||ﬁ(x)||1 from every finite log propensity. It therefore preserves the categorical structural
equation, with log 0 = —oo for zero coordinates. Apply Theorem 3.3 to the globally L-Lipschitz true
functions f;, the continuous approximate functions ﬁ, and the normalized approximate categorical

functions. The extended true model has boundedness constant /1 B and, by the coupling induction in
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this proof, the same interventional laws as M* for every intervention in the statement. Consequently,

w (P (V) PRV (2)

<cl S -Flet 3 i

V; continuous Vi categorical ||f2||1

<0 <La2/dir¥)ax + LI*Q/err]lax + L;2/d%ax + (7_ — 7log 7_)) )

A~ ~

+W(PUL, ..., Up), P(Us, ..., Uny))

o0

fi

For the second inequality, every term of the first sum has the continuous structural error bound
proved here, every term of the second sum has the normalized categorical error bound proved
here, and the latent term has the bound obtained using Lemma E.3; the two sums contain only
finitely many nodes. The comparison constant C' depends only on the fixed model, its dimensions
and cardinalities, and R. The cubes, extensions, and networks were chosen independently of the
intervention within the prescribed region. This proves the estimate uniformly throughout that

region. 0

By [52, Theorem 2], part b), applied with p = 2/dI" to each output coordinate of f;, which is
Lipschitz continuous on the input cube by ?? 3.2: there are narrow fully-connected ReLU networks
of constant width 24 + 10 and depth L, whose sup-norm error is at most a w(clW =", where
W, the number of weights, grows linearly in L, at fixed width; stacking the d{™ coordinates gives,
if V; is continuous, || f; — fille < O(Lg¥™) < O(Ly /%),

Theorem 2 b) of [52] applied to each output coordinate, whose modulus of continuity satis-
fies w(r) < Lyr; at fixed width the number of weights W is proportional to the depth Ly, so

aw(eW =2/ = O(L,*'™).

C Proof of Consistency

C.1 Inconsistent Counterexample (Proposition 4.1)

Remark (notation). dg-] , for j € [ny], is the Euclidean coordinate dimension of the indexed latent

variable U}, excluding the separately introduced categorical Gumbel noises.

Proposition C.1. There exists a constant ¢ > 0 and an SCM M* satisfying Assumptions 2.3-3.5

with a backdoor causal graph such that there is no unobserved confounding in M*. For any
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€ > 0, there exists an SCM M with the same causal graph such that W (P (V'), PM<(V)) < ¢
and |ATE i« — ATEn .| > c¢. Here, for each non-Gumbel latent law P with connected support
components C;, Assumption 3.5 is required of each normalized component law P|¢, /P(C;), with
K=,

Additional condition. In the categorical structural equations, arg max selects the smallest
maximizing label when there is a tie. This is a measurable completion on ties; under the stipulated
independent standard Gumbel noises and nonnegative propensity weights of positive total, it leaves

every fixed-intervention law unchanged.
Remark. The second Bernoulli law in the construction has P(Uy = 0) = 2/3.

Proof. Let V.= {X,T,Y} be the covariate, treatment and outcome respectively. 7" is a binary

variable. Let structure equations of causal model M be

-1 ,wp.1/2
X=4¢0 ,wp.1/4

0 ,W.p. 1/4,
1/2 ,z=—1or0,
PT=1X=x)=
3/4 ,x =29,
T+ U, , X <0
Y —

X/6+U, ,X>0

where all latent variables are independent and U, is mean-zero noise. The distribution of M is

Pxry(0,1,y) = pu,(y)/8, Pxry(0,0,y) = pu,(y)/8
PX7T7Y(5a lvy) = 3pUy(y - 1)/167 PX,T,Y((Sa Ovy) = pUy(y - 1)/16
Pxry(=1,1,y) = pu,(y = 1)/4,Px ry(=1,0,y) = py,(y)/4.
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. . . d .
As § — 0, distribution of M5 — M*, where structure equations of M* are

P(U, =1) = 3/5,P(U, = 0) = 2/5, P(Uy = 1) = 1/3, P(U; = 0) = 2/3,

-1 ,wp.1/2,
v p-1/
0 ,w.p. 1/2,
1/2 x=—1,
PT=1X=2) =
5/8 ,x =0,

T+U, ,X=-1,
Y =qU,+U, ,X=0,T=1,
U2+Uy 7X:0,T:O,

where Uy, Us, U, are independent. The distribution of M* is

Pxry(0,1,y) = pu,(y)/8+ 3pu,(y —1)/16,
Pxry(0,0 y) PUy( )/8 + pu, (y — 1)/16,
Pxry(=1,1,y) = pu,(y — 1)/4,
Pxry(=1,0,9) = py, (y)/4.

Choose U, = 0 almost surely. Generate X by X = Ux, where P(Ux = —1) = P(Ux =0) = 1/2,
independently of U;, U, and the categorical Gumbel variables. Every non-Gumbel latent law,
including any vector formed by merging latents affecting the same observed variable, now has finite

c;/P(Ci).

The map f : [0,1]° — C; sending the unique point to a; is a Lipschitz homeomorphism. If )\,

support. For such a law P, write its support components as C; = {a;} and put p; =

denotes the probability measure on [0, 1]°, then for every measurable B C [0, 1]°,

pi(f(B)) = Ao(B).

Thus each normalized component law satisfies Assumption 3.5 with d = 0 and C; = 1; its
boundary requirement applies only when d > 0. These singleton components also verify Assump-
tion 3.4. All displayed structural inputs range over finite sets. Their structural and normalized
propensity maps have Lipschitz extensions: form the finite Cartesian grid of their input coordinate
values, retain the prescribed values at the specified inputs, and assign bounded values at the remain-

ing vertices, using probability vectors for propensity maps. Interpolate multilinearly on each grid
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cell and clamp each input coordinate to the grid’s range. This preserves the prescribed values and the
probability simplex. Each cell has finite coordinate slopes; taking their maximum and subdividing
a line segment at cell boundaries gives a finite global Lipschitz constant. Choose Ly to bound
these finitely many constants. The resulting observed variables and non-Gumbel latent variables
are bounded, so a finite K exists. Independence and categorical generation hold by construction.
Hence M* satisfies Assumptions 2.3-3.5. Some calculation gives W (PM (V), PMs(V')) < §/2.
It is easy to calculate the ATE of the two models.

ATE . = 19/30, ATE,,, = 1/2.
0

This example implies that even as the Wasserstein distance between PM" (V') PMs (V') con-
verges to zero, their ATEs do not change. As mentioned in the main body, this problem is caused by
the violation of Lipschitz continuity assumption for M. Note that in M, E[Y| X, T] = X/J. As
0 — 0, the Lipschitz constant explodes.

This problem may also arise in (4.1). If the distribution ball B, = {M : W (PM, PM") < a,,}
includes a small ball around the true distribution S, = {M\ : W(Pf‘7 ,PM) < ¢} C B, and
the NCM is expressive enough to approximate all the SCMs in the S, this example tells us the
confidence interval may not shrink to one point as sample size increases to infinity even if the model

is identifiable.

C.2 Proof of Theorem 4.2

To prove Theorem 4.2, we will need the following proposition.

Proposition C.2. Given a metric space (M,d) and sets ©; C ©Oy--- C 0, C -+ C Oy C M,
where O, = U ,0,,, positive sequences {€, }nen, {0n fnen such that lim,, . €, = lim,, oo 7, =

lim,, o0 0, = 0 and continuous functions f, g, : O — R, suppose that
1. O is compact.

2. g, satisfies
19n(01) = gn(02)|| < Lgd(61,02) + 7, V01,02 € O (C.1)

and supyee, [|9n(0) = 9(O)|| < dn, gn = 0.
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3. There exists a compact subset éoo C O such that for any 0, € éoo, there exists 0 € O,
such that d(0,6y) < €,.

Consider the following optimization problems:
in f(0
Inin £(6),

s.t. gn(0) < L€, + 6n, (C.2)

min f(0),

0€BO 0

s.t.g(f) =0. (C.3)

and
min f(6),
€0

s.t. g(0) = 0. (C.4)

We assume that the feasible region of (C.3) and (C.4) are nonempty. Let f, f*, ]7* be the minimal of
(C.2), (C.3) and (C.4) respectively. Then, [liminfy,_,s f7,limsup, .. 3] C [f*, f*]-

Additional condition. For every n € N, the feasible set of (C.2) contains a minimizer of f.

Remark. In (C.1), © = O,. Equation C.1 holds for every n € N and every 01, 0, € O, with the
same finite constant L,. There exists a compact éoo C O, such that Vn € NV, € éoo d0 € ©,,
d(0,6y) < €.

Remark (notation). ©,, C M is the parameter set indexed by n € N. In Proposition C.2:

©®, C B C - CO, C -, andevery 0, € (:500 has a point § € ©, with d(6,6,) <
€n. In Theorem 4.2: ©, = .7/-:‘/17” X oo X ]?an,n X P,. For continuous V;, }A"Wn = {fz €

Fon : sup, Hﬁ(m)”l < K}, with the supremum over the full structural input domain. For
categorical V;, .7-A"Vn consists of x — ¢(x)/||q(x)||1 with ¢ € Fo,, satisfying ¢(x) € [0, 00)™,
lg(z)|lx > 0 for every structural input x, and Lip(z — q(z)/||q¢(z)]1) < Zf. Here P, = {P(U) :
U is the latent distribution of M € NCMg(Fo.n, Fin)}, identified with its tuple of independent
latent marginal laws. This product records population model parameters; the empirical optimization
ranges over their network representations, including distinct representations inducing identical

latent population laws. O, = [J -, ©,, with closure taken in the ambient metric space (M, d).
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In Proposition C.2: ©,, is compact and contains the nested sets 6,,; {6 € O : g(f) = 0}
is nonempty. In Theorem 4.2: The closure is that of the neural-model parameter sets in the
metric d(0,0") = Y2V 1fx — filloo + D12, W(P(Uy), P(U})) on the product space of struc-
tural functions and latent probability measures. éoo is a compact subset of O, approximated by
©,: for every 0, € éoo and every n, some 6 € O, satisfies d(0,60,) < €,. In Proposition C.2:
{6 € O : g(#) = 0} is nonempty. &, denotes a deterministic error tolerance indexed by n and
tending to zero. In Proposition C.2: 6, > 0 for n € N, and supyce_ |9.(0) — g(0)| < 0,,. Ina
result cited in the proof of Theorem 4.2: For sufficiently large n, the local observational latent
deviation tolerance is §,, = Cyn =/ max{dpax,2} log2 n, with fixed C'; > 0 chosen sufficiently large;
this is distinct from the abstract uniform constraint-error tolerance. {g¢,}.cn is a sequence of
real-valued constraint functions on ©,. In Proposition C.2: Each g, is continuous and nonnegative,
with supgeg_ [gn(0) — g(0)| < 65, and the approximate Lipschitz bound has common coefficient
L, and additive tolerance 7,,. In a result cited in the proof of Theorem 4.2: The notation is the
empirical constraint g,,(f) = S\, (P! (V),P. (V)), compared with the population constraint
9(0) = W(P" (V), P(V)),

Proof of Proposition C.2. By compactness of O, and éoo, the minimizers of (C.3) and (C.4) are
achievable insider these two sets. Let 0* € O, = éoo be the minimizer of (C.3) and (C.4). We
first prove that lim sup,, . [ < f* Note that by (C.1), the limiting function g is L,-Lipschitz. By
condition 3, there exist #,, € ©,, such that d <0n, 5*) < ¢,. Note that

< 0y + Lyd (0,,,0%) < 6, + Lye,.

Therefore, 6, is a feasible point of (C.2). We have limsup,_, . ff < limsup, . f(0,) =
/(7)-7

Remark (notation). L is a finite nonnegative Lipschitz bound. In Proposition C.2: L, is independent
of n and is the coefficient in |g,,(61) — gn(02)| < L,d(01,02) + 7,,; the limiting function g is L,-
Lipschitz. In Lemma C.3: In the proof, L, = 2K max{L, 1} bounds the Lipschitz constant of
go(t,y) = (f(t) — f®)yon {(t,y) : [|[(t,y)|lcc < K}. 0" denotes a distinguished parameter
point whose role is specified by the local optimization or causal-model parameterization. In
Proposition C.2: 6* € O, is a minimizer of (C.3), satisfying g(6*) = 0 and f(6*) = f*; it is

distinct in notation and role from 5*, the minimizer over éoo. In Theorem 4.2: 6* is the canonical
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parameter tuple of the underlying SCM, containing its structural functions and non-Gumbel latent
marginal laws; Ou = {6*}. In Corollary 4.4: 0* is the canonical parameter tuple representing
the underlying SCM M*, containing its structural functions and non-Gumbel latent population
marginal laws.

Next, we argue that liminf,,_, f > f*. If this equation does not hold, there exists € > 0 and

subsequence { I such that f; < f* — ¢, Vk € N. By compactness of O, for each k, there

F e
exists a subsequence of 0;, € O such that 0}, satisfies constraint of (C.2) and f;; = f (9;*%). By
compactness, {9;

that {0,

i } ren Das a converging subsegence. Without loss of generality, we may assume

X } ey converges to 0 € O Since g converge uniformly to g,

Jim g (67,) < lim |gi (67,) =9 (67,) | +9(67,) =9 (0*> < lim = 0.
0* is a feasible point of Equation (C.3). Since f is continuous on O,
()= s <
which leads to contradiction. [

Proof of Theorem 4.2. We begin by defining a proper metric space. By ?? 3.2, all random vari-
ables are bounded. Suppose that max; ;{||Villec, [|Ujllc} < K. A canonical causal model
M e M(G, F,U) is decided by

QM - (fh'" afnv’P(Ul)v"' 7P<UnU))7

where f; are functions in the structure equations (3.1) and U; are uniform parts of the latent variables.
We denote MY to be the SCM represented by 6, the underlying SCM be M?" and P? to be the

distribution of M?. We consider the space

ny
M = Fy, x - x Fy,, x [[P(~K,K]%),
j=1
where
K d"é/in — dXout | 1
]:Ef([—KK] in [ =K, K| o), V; continuous,

Fy, =

(3

{p:[-K,K%» — A, : Lip(p) < L;}, V; categorical.
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Here dxin, d}’/om are the input and output dimensions of f;, ]-"é(f has uniform output 1-norm
bound K and common Lipschitz bound L 7, and P(A) denotes the probability measures on A.
For 0 = (fi, -+, fu,, P(U1), -+ , P(Upy,)),0 = (f{, e fr L P(UY), - ,P(U;LU)), we define

rJIny?

a metric on M
ny ny
d0.0) ="\ fi — fille + Y_W(P(Ux), P(U})).
k=1 k=1

We derive the population continuity bound in the fixed dimensions of this theorem. Couple
corresponding non-Gumbel latent laws optimally and take the product of these couplings, using
their independence. The expected joint latent 1-norm discrepancy is the sum of their marginal
Wasserstein distances. Generate the observed nodes in a topological order. At a continuous node
the expected output discrepancy is at most the structural output 1-norm approximation error plus L ¥
times the expected input discrepancy. At a categorical node with conditional propensity vectors p, p/,
a maximal coupling has disagreement probability ||p — p'||1/2; its expected label distance is at most
(n;—1)|[p—p'||1/2. Such a coupling assigns common mass min{py, p}, } to label k and distributes the
remaining masses on the disjoint residual supports. It preserves each model’s conditional categorical
law. If e is the sum of the expected latent and previously generated observed discrepancies, adjoining
a continuous node increases it to at most (1 + L r)e +di|| fi — f!l|~; adjoining a categorical node
increases it to at most (1 + (n; — 1)Ef/2)e + n;(n; — 1)||fi — f!lloo/2. Choose fixed constants
A > 1 and B bounding these finitely many coefficients. Iterating e;,1 < Aey + Bd(6,0') gives
k—1

er < Afeq+ Bd(0,0') Y A",

r=0
Indeed, the formula holds for & = 0, and multiplying its right side by A and adding Bd(¢,0")
gives the formula for k£ + 1. Identical intervention values contribute zero discrepancy and remove

their generation steps. Projection to the observed coordinates therefore proves

W(P'(V(t), P"(V (1)) < Cd(6,0)

uniformly over the intervention values, with C' depending on the fixed graph, dimensions, cardi-
nalities and regularity bounds. The triangle inequality consequently makes g(0) = W (P? (V), P*(V))
Lipschitz in d; denote a Lipschitz constant by C;. Now, we define ©,,. Let

P = { P(U) : U is the latent distribution of M € NCMg(Fo,0, Fi) }
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Thus P,, consists of the latent population laws obtained by pushing forward the independent uniform
and generator Gumbel inputs through the current positive-temperature generator networks. We

denote ©,, = Fy, , X -+ X -FVnV n X Py, where

7 {f € Fop rsup, [|f(x)|1 < K, V; continuous,
Vim —

) {a/llall : ¢ € Fon, q(z) € [0,00)™, ||g(x)]1 > 0V, Lip(q/|ql1) < Ef}, V; categorical.
The norms and Lipschitz bounds are evaluated on the structural input domains, and Fy,, is

defined in Theorem 4.2. Thus ©,, C M. Note that by construction, latent variables are independent

and P,, can be decomposed into direct produce P, 1 X - -+ X P, ,,, . Let A, be the set of restricted

structural and generator network representations at sample size n, and let 0,, € ©,, be the population

parameter of a representation n € A,,. Let &, ...,&,,, be the common independent exogenous

draws, including the categorical Gumbel coordinates, and write H,(;) for the resulting complete

observed vector. Define

— 1 o= -
0 =JOn  Ph= > due  haln) =Sy, (PL P,
n =1

fO) = Eropr B [F(VA(), -, Vi (1)

The empirical constraint is a function of the representation 7, whereas the population objective
and g(¢) are functions of §. The optimization minimizes f(6,) over representations satisfying
ha(n) < an.

For fixed n, pad the finitely many network architectures to their stated widths and encode
each representation by its finitely many real weights and mixture probabilities. Finite products of
Euclidean spaces and simplices are standard Borel spaces. Affine maps, ReLLU, clipping and finite
composition have jointly continuous evaluation in their weights and inputs. At the fixed temperature

T, > 0, mixture weights can be written

1/
Py " exp(Gy/ 1)
1/7n ’
Sepy ™ exp(Gr/T)
whose denominator is positive even when some p; = 0; hence generator evaluation is jointly

pEA,

Borel.
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The restrictions defining .A,, are Borel restrictions on these parameters. To check this, choose a
countable dense set in each continuous structural input domain. Continuity makes the output bound,
coordinatewise nonnegativity and every Lipschitz inequality equivalent to their inequalities on that
dense set or its Cartesian square. Each such inequality is Borel in the weights. For a nonnegative

categorical raw network ¢, positivity on a compact input box D is equivalent to membership in

oo

U N 0 llay(@)lh > 1/,

I=12€Qo

where () is countable and dense in Dj; continuity and attainment of a minimum prove both
implications. Use the intersection of these conditions over a countable compact exhaustion when the
full input domain is unbounded. On this Borel parameter set ¢/||¢||; is jointly Borel and continuous
in the input, so its Lipschitz restriction is again a countable family of Borel inequalities. The same
dense-input tests apply to the raw Lipschitz restrictions before clipping. Thus A, is standard Borel.
These tests use dense input sets only.

The exogenous input space is a finite product of uniform cubes and real Gumbel coordinates,
hence standard Borel. For a categorical propensity vector p, put r; = exp(—g;)/p; when p; > 0 and
r; = oo when p; = 0. These extended-real functions are Borel. The smallest minimizing label is ¢
exactly when r; < r; forevery j < i and r; < r; for every j > ¢; this is a finite intersection of Borel
comparisons. Induction through the finite topological order therefore proves joint Borel evaluation
of H,(¢) and of its interventional version H,(¢,£). The function F' is bounded on the bounded
observed range, so integration over the fixed exogenous law and s makes 1 — f(6,) Borel. Finite
empirical optimal transport and entropic transport values are continuous in their cost matrices:
changing every cost by at most a changes every transport objective, and hence its infimum, by at
most a. Therefore the empirical Sinkhorn constraint h,,(n) is jointly Borel in the representation and
data. For every real a, the event { F,, < a} is the projection of the Borel set defined by h,, (1) < a,
and f(6,) < a, so it is analytic. The empirical optimal value and its limit events are measurable in

the completed sample laws. If Lz is a Lipschitz constant of F', the population coupling bound gives

£(6) = £(8)] < LBy, W(P'(V (1)), P (V (1)) < LrCd(6, ).

Thus f is continuous. We establish compactness, a sampling estimate for the current representa-

tions, and approximation of the true population parameter.
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1. Every continuous structural class has a common uniform output 1-norm bound K and
Lipschitz constant L # on a compact input domain. Every categorical structural class takes
values in the compact simplex A,,, and has the same common Lipschitz bound. Arzela—Ascoli
makes each class relatively compact in the uniform norm. These classes are closed: for
continuous maps a uniform limit satisfies || f(x)||; = lim, || f.(z)|; < K at every input z,
uniform limits preserve the closed simplex constraint for categorical maps, and passing to the
limitin || f, () — fr(y)]1 < L 7llz — y||1 preserves the Lipschitz constraint. Hence every Fy,
is compact. Probability measures on each compact latent cube form a compact space in the
weak topology by Prokhorov’s theorem. On a compact cube Wasserstein distance metrizes
this topology. The finite product M is consequently compact in d, and its closed subset O, is

compact.

2. We bound the complete observed simulation error, retaining paired observations and all
categorical noise. Put H,, = 1 + L, ,, + Ly, The finite component counts of the specified
separable architectures are fixed. For 0 < p < 1/2, round the joint non-Gumbel latent vector
to a grid of 1-norm mesh at most p in its Dy;-dimensional cube. There are at most Cp~Pv
grid points. For each grid point and each possible categorical prefix in a topological order,
evaluate the structural equations with that prefix fixed. Record the continuous outputs and
categorical propensity vectors in a table, and round them within p, using a finite simplex grid
for propensities. There are finitely many prefixes, independent of n. The tables have a finite

set 7, of possible values with

log |T,] < Cp~PUlog(2+p71).

Indeed, each entry lies in a fixed bounded finite-dimensional box, so a grid has at most
(C/p)© choices, and the number of entries is at most C'p~Pv. With a categorical prefix fixed,
induction through the continuous structural equations bounds their change under a latent
perturbation of size p by C'p: each new difference is at most L ¢ times the sum of previous
and latent differences. The categorical propensities have the same bound. Thus, as long as
the selected categorical prefixes agree, the original and table outputs differ by at most C'p,

and the corresponding propensities differ coordinatewise by at most a = Cp.

The table simulation uses the original categorical Gumbel draws. Write E}, = exp(—gx);
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these are independent unit-rate exponential variables, and a propensity vector p selects
arg miny Fy /py, with Ej /0 = oo. For a table propensity vector ¢ € Ay, call label i robust if
¢; > a and

E; E;

< min .
¢ —a J# g t+a

A robust label wins for every propensity vector whose coordinates differ from ¢ by at most a.
The robust-label events are disjoint. For ¢; > a, integrating the density of £; and the survival

probabilities of the other exponentials gives

P(i robust) = /OOO exp (_S <1 N M)) oo

4 —a i_a+2j¢i(qj+a)'

For ¢; < a this probability is zero. Consequently,

(qi_a)+
1+ Na

P(i robust) >
Summing and using ) .(¢; — a)+ > 1 — Na bounds the probability of no robust label by
2Na/(1+ Na) when Na < 1, and the trivial bound 1 < 2Na covers Na > 1. For each table
and generator representation let b be the indicator that a nonrobust choice occurs at any table
prefix. Independence of the categorical noise from the generated latent vector and a union
bound over the finitely many prefixes give Eb < Cp. If b = 0, induction over the categorical
nodes forces the original and table prefixes to agree. Consequently, writing H for the table

observed map and By for a common bound on the observed 1-norm diameter,

| H,,(€) — H(E)|1 < Cp+ Byb(€).

This is a pointwise bound, including zero propensities.

We bound the complexity of finite-type indicators and ambiguity indicators. A table simulation
has type (u, ¢), where w is its latent grid index and c its complete categorical label vector; its
observed output is a fixed vector for each type. There are at most .J = Cp~ PV types. Include
the indicators of membership in every subset of these types, and the ambiguity indicators b, in

a scalar class B, ,.
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Here is an explicit standard Borel parameterization of this entire indicator class. Let I';, be the
finite-dimensional generator weight space with its mixture simplex factors, and let generator
parameters range over all of I',,. This supplies an envelope for every restricted generator
used in the optimization. A parameter consists of v € I',,, a table in the finite set 7,, and a
finite tag specifying either a subset of the at most J types or the ambiguity indicator. This
is a finite union of products of standard Borel spaces. Generator evaluation is jointly Borel
by the positive-denominator mixture formula. Round its clipped latent output using fixed
half-open grid cells, with the last cell closed at the endpoint; the grid index is a finite-valued
Borel function. For each fixed table and grid index, the table simulation uses finitely many
categorical race comparisons. In the notation r; = exp(—g;)/q;, with r; = 0o at ¢; = 0, the
smallest-label rule is the finite system r; < r; for j < 7 and r; < r; for j > i, so its selected
label is Borel. The robust-label events are Borel too: when ¢; > a all their denominators are
positive, and when ¢; < a the event is empty. Their finite unions and complements make b
jointly Borel. Type-subset membership is a finite union of these Borel events. Thus B,, , has
jointly Borel evaluation on a standard Borel parameter space, including zero propensities, grid
boundaries and all ties. When using the ambient Euclidean input space in Lemma E.6, clip
the uniform input coordinates to their cubes; this changes no sample value and preserves joint
Borel evaluation. The parameter envelope has precisely the same architecture and finite tags
as those counted in the growth bound. For each continuous scalar dual test £, its normalized
square-root transform is jointly Borel by composition. Consequently the structural condition

of Lemma E.6 holds for these families, without approximation of selector parameters.

On M, fixed exogenous inputs, the latent grid indices are determined by at most C'M,/p
scalar generator comparisons. The ReLLU blocks have P < C'H,, parameters and at most C'H,,
layers. Within a fixed activation pattern, their outputs are polynomials in the parameters of
degree at most C'H,,. For a positive-temperature mixture write its weights as a,; R,/ Y, ai Ry,
where a; = p}/T" >0, Zj a; > 0, and R; = exp(G,/7,) is fixed on each input. Treat the a;
as additional free parameters. Clearing the positive denominator in a grid comparison leaves a
polynomial of degree at most C'H,, + 1. Truncation adds only fixed-degree comparisons. The
polynomial sign bound in Lemma 17 of [6], applied successively to the activation comparisons

in each layer and then to these grid comparisons, gives at most

96



(C(Mo + Ho)H,/p)c™"

latent grid patterns: at each layer the sign bound contributes at most (C'(M, + H,)H, /p)¢F,
and there are at most C'H,, layers. For a fixed table and grid pattern, the categorical race
comparisons and every table output on these inputs are determined. The subgraph growth of
B,,, is therefore at most this number times |7,]27: a subset of the types has 27 choices, and

an ambiguity indicator needs no additional choices. Solving the shattering inequality

2Y0 < |T,[27(C (Mo + Hy) H [ p) ™"

bounds their pseudo-dimensions by

un(p) < C (p~ PV log(2+ p~') + Hilog(2 + Hy/p)) .

To derive this bound, put A = log|7,| + J1log2 and B = C'H?. The shattering inequal-
ity gives Mylog2 < A + Blog(C(My + H,)H,/p). If My < 4A/log?2, the first term
suffices. Otherwise, absorbing A and solving the remaining logarithmic inequality gives
M, < CBlog(2 + BH,/p) + CBlog(2 + A/B); this follows from logz < z/2 after
rescaling M/ B. The bound on A makes this at most the displayed expression.

Put

Ty = m;l/(DH) logm,, + Hnmgl/2 log m,,,

and take p = r,, for sufficiently large n. The depth schedule implies H,, = O(mg‘%a"/ (st 4) ),

so r, — 0. Apply Lemma E.6 to B, ,,, with scalar output. Its functions take values in {0, 1},
its pseudo-dimension is at most v,,(7,,), and Wasserstein distance between its Bernoulli output
laws equals the absolute difference of their means. Choose the lemma’s tolerances 6 = 7,

and € = Agr,. Its exponent is bounded above by

C(1+r,)log2+r,") +r, P log*(2+r, ") + H.log(2 + H, /r,) log(2 + 1, 1)) —cAgm,r.

n
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Here log(2 + H,,/r,) = O(logm,,) and

myr2 > mP/ P2 1og? m,, + H2 log? my,,

1/(D+2

EU/(DH)(log my,)~Pv and 1t < my )/log M. Since D > Dy, 1, a

whereas r; Pv <m
sufficiently large fixed Ay makes the failure probability at most O(m,,®). On the complemen-
tary event every type-subset probability and every ambiguity-indicator mean differs from its
empirical counterpart by at most C'r,,. The supremum over type subsets is the total variation
distance between the population and empirical type laws, so that distance is at most C'r,.
Couple their common type masses identically and their residual masses arbitrarily. Because
table outputs have diameter at most By, their Wasserstein distance is at most By Cr,,. For
each original representation, coupling original and table outputs on the same draw bounds
their population error by C'p + ByEb and their empirical error by Cp + Bym,* >, b(&).
The ambiguity estimate bounds both by C'r,,. The triangle inequality therefore gives

sup W(P"(V), P! (V)) < Cr,

neAy,

with probability at least 1 — O(m.3). This retains the positive-temperature generator, paired

simulation observations and every categorical noise coordinate.

For the observational sample let C' denote the complete categorical label vector, which has
a fixed finite set of possible values. Conditional on C' = ¢, all continuous observations
equal a deterministic map ®.(Uy, ..., U,,): fix the categorical values to ¢ and evaluate the
continuous structural equations in topological order. Induction through their Lipschitz bounds
makes @, Lipschitz with a constant uniform over these finitely many c. The conditional joint
latent laws p. = P((Uy,...,U,,) | C' = c) are supported on the bounded Dy, -dimensional
latent cube; they need not be products. Write p. = P(C = ¢) and N. for the observational
sample counts. For p. = 0, N, = 0 almost surely. For every p. > 0, a binomial concentration
bound gives N, > np./2 except on an exponentially small event. Conditional on the label

vector of the sample, the latents of the observations carrying label c are independent with law
He-

When Dy; > 1, Theorem 2 of [17], applied to each conditional joint latent empirical measure

of size N, bounds its Wasserstein error by C,n~'/m2x{2.Du} |2 iy with failure probability
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O(n~") whenever N, > np./2. Its small-tolerance exponents are constant multiples of N z?

for Dy = 1, N.(z/log(2 + 1/z))? for Dy = 2, and N.xPv for Dy > 2. At the indicated x
these grow at least as log® n, log” n and log?”V n, respectively. Bounded support supplies
the exponential-moment condition; norm equivalence changes only constants. Conditioning
on the counts preserves the bound, since it holds uniformly for np./2 < N, < n. Lipschitz
push-forward by ®. bounds each conditional observed Wasserstein error by the same order.
If Dy = 0, each conditional observed law is a point mass and its conditional sampling error
is zero. Binomial concentration also bounds " |N./n — p.| by C'/logn/n with probability
at least 1 — O(n~*). Couple common categorical-component masses using the conditional

couplings and unmatched masses arbitrarily within the observed support. This gives

WP (V),P" (V) < ) min{pe, Ne/n}W (@) phic (D) (e v +—Z |Ne/n—=pe| < tn,

t, = Clnfl/max{Z,DU} 10g2 n,

with probability at least 1 — O(n~3), after a union bound over the finitely many categories.
Terms with N. = 0 have zero common mass and are omitted. Finally Lemma E.5 and the

Wasserstein triangle inequality give, on the combined event,

sup |hn(n) — g(8,)] < 2(1 + log(nmy,)) A, + Crp, +t, < s
neAy,

This event has probability at least 1 — O(n™® + m,3). Since m, = Q(n), the failure
probabilities are summable; Borel-Cantelli gives the estimate eventually almost surely. It

applies to the current representations.

. We construct structural approximants satisfying both output and Lipschitz restrictions. Let
f: [-K,K]™ — R™ have Lipschitz constant L, with m > 1. Divide each coordinate
into R equal intervals of length h = 2K /R, and triangulate each cell into simplices with
successive vertices v, v1 = vg + hex), ..., Vm = U1 + her), where 7 runs over the
coordinate permutations. Let [, f be affine on each simplex and equal f at its vertices. Its

derivative column in direction e ;) is ( f(v;) — f(vj—1))/h, of 1-norm at most L. Splitting a
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line segment at simplex boundaries and summing the derivative bound proves Lip({;, f) < Ly;

segments in boundaries follow by continuity. If a; are the barycentric coordinates of x, then

m

Haf(x) = f(@)ll < D asllf(v) = f(@)lln < Lgmh.

=0
For categorical f, the interpolated values are convex combinations in A, , so they are
nonnegative and sum exactly to one. For continuous f, the additional uniform output bound

on the true structural function gives

[ nf ()]l < Z%Hf vj)ll <

Thus each continuous approximant satisfies the continuous network restriction.

The nodal basis functions are translates and rescalings of

¢(z) = max {0, min ({1 + 2,1 — 2, : k€ [m|}U{l+ 2z — 2 : k,l € [m]})}.

On each simplex in the star of the central vertex, the active affine expression is its barycentric
coordinate: the inequalities defining the simplex order its coordinates, and the minimum
selects the difference between the two coordinates bordering that vertex. It equals one at
the central vertex and zero at the other vertices; outside the star the minimum is nonpositive.

Therefore

Inf(x Zf ((x —v)/h)

on the input cube. Each minimum is computed by a binary tree using min(a,b) = a —
max{a — b,0}. There are O(m?) affine inputs, so each term has width O(m?) and depth
O(1 + log m). Parallelizing the terms and summing their outputs gives width O(R™) in fixed
dimensions. Coordinatewise input clipping to the cube is a contraction and makes the network
globally defined with the same Lipschitz and output bounds. Choosing R proportional to

I/V0 gives error O(Wj, , L ™.

When m = 0, represent the constant function exactly. For a
categorical function take ¢ = I}, f; its normalization equals itself, so both Lipschitz restrictions

hold. The output clipping in F , acts identically on these bounded approximants.
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We obtain the latent approximants from the inherited component assumptions. For each
normalized support component measure /;, let ¢; : [0, 1]% — C; be its Lipschitz chart. For
¢; > 0, Proposition B.2 applied to the pullback measure supplies a curve ; : [0, 1] — [0, 1]%
of Holder exponent 1/¢; with that pullback law. Theorem 2(b) of [52] applied to its coordinates
gives first-block uniform error O(L;i/ ), applied to the Lipschitz coordinates of v; it gives
second-block error O( L, f/ ). Parallelize the coordinate networks and clip the first outputs to
their input cubes. Their widths fit the stated fixed-width budgets. Lemma E. 1, including its
fixed output-dimension factor, bounds the component Wasserstein error by O( L, 2/ &« +L_2/ ).
For ¢; = 0, represent the singleton component by its constant value with zero error. With
component probabilities p;, Lemma E.2 bounds the hard selected population mixture error
by the weighted sum of these component errors. The positive-temperature construction uses
independent Gumbel-softmax weights; the hard mixture is its zero-temperature comparison

law. Clip component outputs to a fixed box containing their supports. For outputs v; in that

Couple these weights using identical Gumbel draws and retain identical independent com-

box,

D (X =X

i

< (max uill) D7 127" = XP| < X7 = X

1

ponent outputs. The coupling estimate in Lemma E.4 bounds the additional population
error by O(7,,(1 — log 7,,)) for sufficiently large n. The triangle inequality proves, for each

non-Gumbel latent U}, a generator g;,, with

W(P(Uy), P(gin(2)))) € O (Lyy/ ™ 4+ L2/ % 4 7,1~ log 7,) )

Coordinatewise output truncation T cannot increase this error: TxU; = U; and ||U; —
Trgin(Z;)|h < |U; — g;n(Z;)|1 in every coupling. Choose the generators independently.
Summing their marginal errors and the structural errors in d gives a representation 7,, € A,
with

= d(67,6,,) < O (WMo 4 L7200 g 120 1 (1~ Tog 7)) — 0.

Choose the constant in ¢, large enough that Cya,, < €,.
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Work on the probability-one event where the current-class sampling estimate holds eventually. Since

g(0*) = 0, the constructed representations satisfy

hn(nn) < g(enn) + 8, < Cgan + 8y < €+ Sy = Q.

Thus the restricted optimization is eventually feasible. Its objective satisfies f(6,,) — f(6*) =
F,, whence lim sup,, F;,, < F\.. Choose a feasible representation 7, with F,, < f(6;,) < F, + 1/n.
The bounded objective on compact M makes F;, eventually bounded. Along a subsequence attaining
its lower limit, compactness gives a further subsequence on which 0;, — 6. Feasibility and the

current-class bound imply

0 < 9(65,) < hn(7n) + 50 < iy + 5, = 0.

Continuity yields g(#) = 0. Its continuous structural functions satisfy sup, || f;(z)]|; < K, all
structural functions have Lipschitz bound L ¢, its categorical functions are simplex-valued, and its
latent marginal laws define an independent bounded canonical latent distribution. Since categorical
variables occur only when K > 1, their normalized propensity vectors also satisfy the output 1-norm
bound. Hence the limit is an admissible observationally equivalent model in (4.2), so f (5) > F Ly .

Continuity and |f(6;,) — F,| < 1/n give liminf, F,, = f(#). This proves

lim inf £, limsup F,,] € [FL/, F]

almost surely. On the finite-sample event used in the sampling proof, every feasible representa-

tion also satisfies

W(P" (V),P"(V)) < hn(n) + 8p < i + 8n < 200,

This event has probability at least 1 — O(n™3 + m.3) and supplies the complete-observation
error and feasibility estimates used in Corollary 4.4 for the same restricted optimizer and revised

radius. H
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C.3 Proof of Proposition 4.3

Lemma C.3. Let (T,Y) ~ p, (T,Y) ~ v and suppose that f(t) = E,[Y|T], f(t) = E, [Y|T] are

L-Lipschitz continuous and | f(t)| < K, |f(t)| < K, then we have

/ (F(t) — Fit))2duldt) < CoW (u,v),

where Cyy = 4LK + 2K max{L,1}.

Additional condition. The laws i and v of (T,Y) and (T,Y) are both supported on |[— K, K],
with the same K > 0 as in the regression bounds.
Remark. The functions f, f : [-K,K] — R are L-Lipschitz regression versions satisfying
f(T) = E,[Y | T] almost surely under v and f(T') = E, [Y | T almost surely under .
Remark (notation). T is the real-valued treatment coordinate of (7,Y) ~ s, and f(t) = E, Y|
T = t]. In Lemma C.3: The proof treats (T,Y) as supported in {(¢,y) : ||(t,7)]« < K}

Proof of Lemma C.3. By the duality formulation of Wasserstein-1 distance, we have

W(p,v) = s E.[9(T,Y)] - E[g(T,Y)).

~

Let go(t,y) = (f(t)— f(t))y, we verify gq is a Lipschitz continuous function in {(¢, y) : ||(¢,y)]|c <
K}.

l90(t1,y1) — go(t2, y2)| < |go(t1, y1) — go(tr, y2)| + |go(t1, 12) — go(t2, y2)|

= [(f(t1) = F(t) (= y)| + [y2(f (t1) — f(t1) = (f(t2) — f(t2)))]

-~ ~

< 2Ky — ol + K([f(01) = F{82)] + | f(t1) = f(£2)])
< 2K[y1 — yo| + 2K L[ty — 1]

Let L, = 2K max{L, 1}, we have proven that g, is L,-Lipschitz continuous in {(¢,y) : ||(¢,y)]|ec <
K}. Thus,

W (o) > Lig@u[go(ﬁ Y] - E, [go(T, Y))
= Ligw(f@) ~ FT)EY|T =] - E[(f(T) - f(D)E[Y|T = #]))
= %(Emﬂf) — FD)F(T)] = B(F(T) — F(T) (D)) (C.5)

<



Now, let h(t) = (f(t) —f (t))f(t) Following the same argument, it can be proven that h(t) is

Lipschitz continuous with Lipschitz constant being L, = 4L K. Hence,
E, [W(T)] > E,[A(T)] — LW (u,v).
Plug into (C.5), and we get

(Lg + Ln)W (p,v) >

Proof of Proposition 4.3. If Y is not a descendant of 7', its structural equation and all the equations
of its ancestors are unaffected by the intervention, so E[Y (¢)] = Ey[Y] and E ﬁ[}?(t)] =E ﬂ[?]
For any coupling of the observational laws, the absolute difference of the outcome means is at most
the expected absolute difference of the outcome coordinates, which is at most the expected 1-norm
distance of the observed vectors. Taking the infimum over couplings gives

| Eady (0] - BT (@) P(at) = Pl ) B - Bl

t1

< P([t, )W (u,v)

< ——W(p,v) 4+ 2L P([t1, to])W? (1, v),

since L, > 1. Now, suppose that Y is a descendant of 7". Let X = Pa(T'), and let A be the vector
of all observed nodes other than 7' that are not descendants of 7'. In particular, X is a subvector of
A. Every observed parent of a node in A also belongs to A: a parent equal to 7', or descended from
T, would make that node a descendant of 7". By the canonical representation and the absence of
hidden confounding, the noises belonging to distinct observed nodes are independent. Thus A is
generated without the noise of 7" or any descendant of 7', and the descendant noises are independent
of (A, T). Conditional on A = a, the equation of 7" uses only X = x and its own independent noise.

Consequently,

v(dt|A = a) = v(dt| X = x).

For each N € { M, M },fix A =aand T = t and generate the descendants of 7" in topological

order using their independent noises with their laws in V. Denote the resulting mean of the outcome
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by gn(a,t). These means are finite: categorical outputs have finite ranges, and the Lipschitz bound
for a continuous structural function bounds its output by its value at a fixed input plus L times the
input distance; induction through the finite graph, using bounded non-Gumbel noises, gives finite
first moments at every fixed (a, t). Independence of the descendant noises from (A, T") shows that
gy is a version of the observational outcome regression given (A, T"). The intervention leaves the

equations generating A unchanged, so its distribution is its observational marginal. Therefore,

A~

EadY (0] = [ gula.0vatda),  EglF(0)] = [ gggla.ualda)
where 4 and p 4 are the observational marginals of A.
To bound the Lipschitz constants, take an arbitrary A € { M, M }. For a continuous descendant

V;, couple its outputs at two parent histories h, A’ using the same private noise. The structural

Lipschitz bound gives

E[[Vi(h) = Vi(R)Il < Lih = 7]|.

For a categorical descendant, let 7;(h) be its propensity vector after integrating its private
non-Gumbel noise. The canonical Gumbel rule has categorical probabilities equal to this vector.

Integration of the propensity Lipschitz bound gives

17 (h) — (W) < Lilh — B

Place mass min{; ;(h), m; ;(h')} on each equal pair (7, j). The remaining masses in the two
marginals have the same total mass and disjoint supports; coupling these remaining masses gives

disagreement probability

n; . 1
1 - Z min{r; ;(h), m;;(h')} = 3 Z |35 (h) — i (h')].
Jj=1 j=1
Two labels in [n;] differ by at most n; — 1, so this coupling satisfies
E|Vi(h) = Vi(h')| < 5 lImi(h) - (W) < LD|h— 1.

The continuous bound is also at most LD||h — /||, since D > 1.
Starting at fixed inputs (a,t) and (a/,t’), use these couplings successively for the descendants,

conditional on the accumulated histories. Let £, be the expected 1-norm distance between these
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histories after » descendants have been generated. Projection onto a parent history cannot increase

this distance. Hence

Ey=l|la—d|+|t—t|, FE.1<E.+LDE,=(1+LD)E,.

Induction gives £, < (1 + LD)" Ej: the assertion holds at » = 0, and the recurrence multiplies
its bound by 1 + LD at the next step. There are at most ny descendants. Projection onto the

outcome coordinate, followed by |[EY — EY’| < E|Y — Y|, therefore gives

lgnr(a,t) — gn(a', )| < Ly(lla — o[ + [t = t']).

This argument applies to each of the two models without conditioning on latent inputs shared
with observed ancestors.

Let () be the set of allowed inputs s = (a,t) whose numerical coordinates all lie in [— K, K].
Categorical coordinates retain their categorical ranges. The numerical dimension of (A, T') is at
most ¢, so any s,s’ € @ satisfy ||s — §'|| < 2K¢. Both observational laws of (A,T") give @
probability one. For each N' € { M, M }, the observational outcome bound and the conditional
expectation identity give |ga(A,T)| < K almost surely under its own observational law. Choose

an input sy € () where this inequality holds. For every s € (@), the Lipschitz inequality then yields

|9 (8)] < lan (sn)| + Lylls = swll < K +2KqL, = B.

Thus the structural regression versions are bounded by B on (), including inputs outside their
observational supports. Put f,(a,t) = gar(a,t). Recall that v, y are the observation distributions
of M and M respectively in Proposition 4.3. Put fy(a, t) = ggi(a,t). Its construction gives a
version of E M\[?|A = a,T = t], the L,-Lipschitz inequality, the interventional identity, and the
bound | f,(a,t)| < B for (a,t) € Q). We use the test-function argument of Lemma C.3 on the vector

covariate s = (a, t), with regression bound B, and give the calculation explicitly. Write

d(s) = fy(s) = fyls),  Gls,y)=d(s)y,  h(s) =d(s)fy(s).
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s,s' € Qand [yl |y'| < K < B,

G(s,y) — G(s',y)| < 2Bly — /| + 2K L, ||s — |
< 2Bmax{L,, 1}(|s — 5’| + [y — ¢/]).
[h(s) = h(s)| < [d(s)| | F,(s) = Fu(s)] + | fy(s))] ld(s) — d(s)]
<ABL,|Is — §'|.

Conditioning on the covariate gives E,[G] = E,[h] and E, [G] = E, [df,]. Since h — df, = d?,

E,[d(A,T)°] = (E,[G] — E[G]) + (E,[h] — E,[h])
< (2Bmax{Ly, 1} + 4BL,)W (,v) = Co W (1, ).

For each Wasserstein bound, integrate the corresponding displayed Lipschitz inequality against
any coupling of the observational laws and take the infimum of its expected 1-norm cost. Both
endpoints belong to the domains on which these inequalities were proved. Projection onto (A, 7, Y)
or (A, T) cannot increase that cost.

Set I = [t1,t5]. Observational boundedness gives vr(R \ [-K, K]|) = 0. The conditional
treatment law given A equals the law given X = Pa(T"). Integrating the overlap bound therefore

gives

0=vr(I\[-K,K]) > 6P(I\ [-K, K)),

so P(I \ [-K, K]) = 0. Thus, for P-almost every t € I and for either observational marginal
of A, the input (A, t) belongs to ). The overlap assumption now yields

CuW () > [ (ffast) = Flast)PuldtlA = awa(do
5// fy(a,t) fy a t)) va(da)P(dt)
25/wwpmm

where b(t) = [(f,(a,t) — fy(a,t))yA(da). The last inequality is Jensen’s inequality for the

probability measure 4. Put

(t) = [ Flatwatda) - [ Fyfa.Oualda)
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For P-almost every ¢ € I, integrate the Lipschitz bound of J/"; in a against a coupling of the two
marginals and take the infimum to obtain |c(¢)| < L,W (va, pa) < L,W (1, v). The interventional
identities give

~

EmlY(#)] = Eg[Y ()] = b(t) + c(t).

Since 2b(t)c(t) < b(t)? + c(t)?, it follows, for P-almost every ¢ € I, that

~

(EmlY ()] = EGY ()] < 2b(t)° + 2L, W (1, v).

Integrating this inequality against P(dt) on [t1, t5] and using the bound on the integral of b(t)?
gives
to

/t2(EM[Y(t)] —EglY (1))?P(dt) < 2/t2 b(t)* P(dt) + 2L2W?(u, 1/)/ 1 P(dt)

t1 t1 t1

2C
< TWW(% v) + 2L5W? (u, v) P([t1, 1))

O

Proof of Corollary 4.4. We establish feasibility and the complete-observation sampling bounds for
the specified restricted optimization. Write 7 for a network representation, 6, for its population

SCM parameter, and 6* for the true parameter. For two population parameters define

ny nu
d(0,0) = _|Ifi = fille + Y_W(P(U;), P(U)),
i=1 j=1
using normalized categorical propensity functions in the first sum. Let 4, be the set of
admissible representations. With common independent exogenous draws 1, .. ., &,y,,., let H, (&) be
the complete observed vector and put

Mp

1 i .
Pl o=—> dme)  ha(n) =5\ (P PL),  g(0) =W(P", P
=1

All distributions in these expressions are distributions of the complete observed vector. Write
f(0) =Ei i Epw[F(V (t))] for the objective.
For fixed n, pad the finitely many network architectures to their stated widths and encode

each representation by its finitely many real weights and mixture probabilities. Finite products of

108



Euclidean spaces and simplices are standard Borel spaces. Affine maps, ReL U, clipping and finite
composition have jointly continuous evaluation in their weights and inputs. At the fixed temperature
T, > 0, mixture weights can be written
Py ™ exp(Gy/72)
Sny ™ exp(Ge/m)
whose denominator is positive even when some p; = 0; hence generator evaluation is jointly

pEA,

Borel.

The restrictions defining .A,, are Borel restrictions on these parameters. Choose a countable dense
set in each continuous structural input domain. Continuity makes the output bound, coordinatewise
nonnegativity and every Lipschitz inequality equivalent to their inequalities on that dense set or its
Cartesian square, and each such inequality is Borel in the weights. For a nonnegative categorical

raw network ¢, positivity on a compact input box D is equivalent to membership in

(e 9]

U N 0 llag(@)lh > 1/,

1=12€Qo

where ()¢ is countable and dense in Dy. Positivity implies a positive minimum on the compact
box; conversely the dense-set lower bound extends by continuity. Intersect these conditions over a
countable compact exhaustion if the full domain is unbounded. On the resulting Borel parameter
set ¢/|lq||x is jointly Borel and continuous in the input, so its Lipschitz restriction is another
countable family of Borel inequalities. The raw Lipschitz restrictions before clipping have the same
dense-input characterization. Thus A, is standard Borel.

The exogenous space is a finite product of uniform cubes and real Gumbel coordinates. For
categorical propensities p, define r; = exp(—g;)/p; for p; > 0 and r; = oo for p; = 0. The smallest
minimizing label is 7 precisely when r; < r; for all j < 7 and r; < r; for all ;7 > . These are
Borel comparisons of extended-real Borel functions. Induction in topological order proves that both
H,(¢) and H,(t, ) are jointly Borel. Integration of the bounded objective on the observed range
makes f(6,) Borel in 7): parameter integrals of bounded Borel functions are Borel by the monotone
class theorem. Empirical transport values are continuous in the cost matrix, since a uniform change
of at most a in costs changes every coupling objective and its infimum by at most a. Hence h,,
is jointly Borel in parameters and data. The event {F,, < a} is the projection of the Borel set

{(n,data) : h,(n) < an, f(6,) < a}, sois analytic and measurable in the completed sample law.
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First derive population continuity in the fixed dimensions. Couple corresponding independent
non-Gumbel latent laws optimally and take the product of their couplings. The expected joint latent
1-norm discrepancy is the sum of their marginal Wasserstein distances. Generate the observed nodes
in topological order. At a continuous node, the expected new discrepancy is at most d; || f;— f/|| ot L 7
times the expected input discrepancy. At a categorical node, place mass min{py, p. } on each equal
label pair and couple the remaining disjoint residual masses. Its disagreement probability is
lp — P'||l1/2, so its expected label discrepancy is at most (n; — 1)||p — p’[|1/2. The normalized
Lipschitz restrictions bound this by

ni(n; — 1)

— 1 = DLy )
T!\fi — filloo + %E\hnput — input'[.

Choose fixed A > 1 and B bounding these finitely many coefficients. If e is the expected
discrepancy of the latent vector and generated history, then eq < d(6,0') and ey < Aep+Bd(6,0").
Induction gives

k—1

e < Afeq + Bd(6,9) ZAT :

r=0

the assertion is equality at k& = 0, and multiplying its right-hand side by A and adding Bd(,0")
gives the asserted expression at k + 1. Projection onto the observed vector yields W (P?, P?) <
Cd(0,0"). Identical intervention values contribute zero discrepancy and remove their generation
steps, giving the same bound for every intervention. The triangle inequality consequently makes ¢
Lipschitz; denote a Lipschitz constant by C,,.

We now bound the complete observed simulation error, retaining paired observations and all
categorical noise. Put H,, = 1+ L; , + Lo,. The component counts of the specified separable
architectures are fixed. For 0 < p < 1/2, round the joint non-Gumbel latent vector to a grid of
1-norm mesh at most p in its Dy-dimensional cube. There are at most C'p~ v grid points. For
each grid point and each possible categorical prefix in a topological order, evaluate the structural
equations with that prefix fixed. Record the continuous outputs and categorical propensity vectors
in a table, and round them within p, using a finite simplex grid for propensities. There are finitely

many prefixes, independent of n. The tables have a finite set 7, of possible values with

log |T,| < Cp~PUlog(2+p ).
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Indeed, each entry lies in a fixed bounded finite-dimensional box, so a grid has at most (C'/p)“
choices, and there are at most C'/p~ PV entries. With a categorical prefix fixed, induction through the
continuous structural equations bounds their change under a latent perturbation of size p by Cp:
each new difference is at most L s times the sum of previous and latent differences. Categorical
propensities satisfy the same bound. Thus, while the selected categorical prefixes agree, the original
and table outputs differ by at most C'p, and corresponding propensities differ coordinatewise by at
most a = Cp.

The table simulation uses the original categorical Gumbel draws. Write £}, = exp(—gx); these
are independent unit-rate exponential variables, and a propensity vector p selects arg miny Ej/px.,
with Fj/0 = co. For a table propensity vector ¢ € Ay, call label ¢ robust if ¢; > a and

E; E;

< min .
q;, — a J# g5+ a

A robust label wins for every propensity vector whose coordinates differ from ¢ by at most
a. The robust-label events are disjoint. When ¢; > a, integration of the independent exponential

densities gives

qi —a
G —a+Y (g +a)
When ¢; < a, the probability is zero. In either case it is at least (¢; — a), /(1 + Na). Summing
and using ) ,(¢; —a)4 > 1 — Na bounds the probability of no robust label by 2Na/(1+ Na) when

P(7 robust) =

Na < 1; when Na > 1, the bound 1 < 2Na suffices. For each table and generator representation
let b indicate that a nonrobust choice occurs at any table prefix. Independence of categorical noise
from the generated latent vector and a union bound over the finitely many prefixes give b < Cp. If
b = 0, induction over the categorical nodes forces the original and table prefixes to agree. Thus,

with H the table observed map and By a common observed 1-norm diameter bound,

IH, (&) — H(€)|| < Cp+ Byb(é).

This bound includes zero propensities.

A table simulation has type (u, ¢), where w is its latent grid index and c its complete categorical
label vector; its observed output is fixed for each type. There are at most J = Cp~PU types. Include
the indicators of membership in every subset of these types, and the ambiguity indicators b, in a

scalar class B,, ,.
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To verify the structural condition of Lemma E.6 for this class, let I';, be the entire finite-
dimensional generator weight space with its mixture simplex factors. This gives a measurable
envelope for the restricted generator representations. Index indicators by a parameter in [',,, a
table in the finite set 7,, and a finite tag specifying either a subset of the at most .J types or the
ambiguity indicator. This is a standard Borel space. Generator evaluation is jointly Borel by the
positive-denominator mixture formula. Its clipped output has a Borel grid index when cells are
half-open and the final cell includes its endpoint. Given the table and grid index, each categorical
choice is a finite Borel comparison using r; < r; for j < ¢ and r; < r; for j > 4, with r; = oo for
zero table propensity. Each robust event is a Borel comparison with positive denominators on ¢; > a,
and is empty on ¢; < a. Finite unions and complements therefore give jointly Borel ambiguity and
type-subset indicators. This includes all ties, grid boundaries and zero propensities. Clip uniform
exogenous coordinates outside their cubes to view these functions on the ambient Euclidean input
space; the values on the sampled inputs do not change. Composing a jointly Borel indicator with
a continuous scalar dual function and its normalized square-root transform preserves joint Borel
evaluation. Thus all the classes to which the lemma’s concentration argument is applied have the
required standard Borel parameterization. The envelope uses the same architectural parameters and
finite tags as the growth calculation; no density assertion for discontinuous selectors is needed.

On M, fixed exogenous inputs, the latent grid indices are determined by at most C'M,/p scalar
generator comparisons. The ReLU blocks have at most C'H,, parameters and C'H,, layers. Within
a fixed activation pattern their outputs are polynomials in the parameters of degree at most C'H,,.
For a positive-temperature mixture write its weights as a;R;/ Y, ap Ry, where a; = p;/ ™ >0,
>_;a; > 0,and R; = exp(G;/7y) is fixed on each input. Treat the a; as additional free parameters.
Clearing the positive denominator in a grid comparison leaves a polynomial of degree at most
CH,, + 1. Truncation adds fixed-degree comparisons. The polynomial sign bound in Lemma 17
of [6], applied successively to activation comparisons in each layer and then to grid comparisons,

gives at most

(C(Mo + Hy)H,/p)c™"

latent grid patterns: each layer contributes at most (C(My + H,)H, /p)“*", and there are at
most C'H,, layers. For a fixed table and grid pattern all categorical race comparisons and table

outputs on these inputs are determined. The growth of B,, , is therefore at most this number times
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|'7,127. Hence its pseudo-dimension satisfies

va(p) < C (p"V1og(2+ p~ ") + H2log(2 + H,/p)) -

To obtain this bound explicitly, put Ay = log|7,| + Jlog2 and By, = C'H? in the shattering

inequality

Mg log 2 < AO + BO IOg(C(MO + Hn)Hn/p)
If My < 4Ap/ log 2, the first term suffices. Otherwise the inequality bounds M, by C' By log(2 +
ByH,/p) + CBylog(2 + Ay/By); the established bound on A, gives the displayed estimate.
Put

—1/(D+2

rp, =M, ~1/2

) logm,, + H,m,,~/*log m,,.

The depth schedule in Theorem 4.2 gives H,, = O(mﬁ‘[}“a"/ (2‘15’““)), so 1, — 0. For sufficiently
large n take p = r,, and apply Lemma E.6 to B,, ,,, with scalar output. These functions take values
in {0, 1}, and the Wasserstein distance of their Bernoulli output laws equals the absolute difference

of their means. With tolerances o = r,, and ¢ = C'r,,, its failure exponent is bounded above by

Cr (L4, ) log(2 + 1 ") + 7 P log* (2 + 1, 1) + Hy log(2 + Hy /1) log(2 +17,1)) —cCPmyry.

Here log(2 + H,,/r,) = O(logm,,) and

myr? = m2/ P+ 1og? m, + H? log* m,,

EU/(DH)( 1/(D+2

whereas r; P < m logm,)~Pv and r ' < my/ P+ /1log m,,. Since D > max{Dy, 1},
a sufficiently large fixed C' makes the failure probability O(m,3). On the complementary event
every type-subset probability and ambiguity-indicator mean differs from its empirical counterpart
by at most C'r,. The type-subset bound controls total variation between population and empir-
ical type laws. Couple common type masses identically and residual masses arbitrarily; their
table-output Wasserstein distance is at most By Cr,,. Coupling original and table outputs on the
same draw bounds their population discrepancy by C'p + By Eb and their empirical discrepancy by
Cp+ Bym,,' >°,b(&). Both are at most C'r,, by the ambiguity estimate. The triangle inequality

therefore gives
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sup W (P%, P2 )< Cr,
neAy,

with probability at least 1 — O(m,,?).

For the observational sample let C' be its complete categorical label vector, taking values in
a fixed finite set. Conditional on C' = ¢, all continuous observations equal a deterministic map
o.(Uy,...,U,,), obtained by fixing the categorical labels and evaluating the continuous equations
in topological order. Their Lipschitz bounds make ®. Lipschitz with a constant uniform over
these finitely many labels. The conditional joint latent laws y. = P((Uy,...,U,,) | C = c) are
supported on the bounded Dy -dimensional cube and need not be products. Write p. = P(C = ¢)
and N, for sample counts. If p. = 0, then /N, = 0 almost surely. For p. > 0, binomial concentration
gives N, > np./2 except on an exponentially small event. Conditional on the sample labels, latents
in category c are independent with law ..

For Dy > 1, Theorem 2 of [17] applied to these conditional joint latent laws bounds their
empirical Wasserstein errors by C.n =/ ™2x{200} |og? , with failure probability O(n~*), uniformly
for np./2 < N. < n. Indeed, its small-tolerance exponents are constant multiples of N, z? for
Dy =1, N.(z/log(2+1/z))? for Dy = 2, and N.xPV for Dy > 2. At the specified tolerance these
grow at least as log* n, log? n, and log?P? n, respectively. Bounded support supplies the exponential-
moment assumption. A coupling pushed through ®,. multiplies its cost by at most the Lipschitz
constant of ®.. For Dy = 0, each conditional observed law is a point mass and its conditional
empirical error is zero. Binomial concentration also gives 3" |N./n — p.| < C'/logn/n with
probability at least 1 — O(n~*). Couple common categorical-component masses by their conditional
couplings and unmatched masses arbitrarily within the observed support. After a union bound over

the finitely many categories,

By

WPy, P") <Y min{pe, Ne/n}W (@) phcs (D) (1e)n.) + > Y INe/n = pel <t

C

t, = C2n—1/max{2,DU} 10g2 n,

with probability at least 1 — O(n~?). Terms with zero common mass are omitted. Lemma E.5

and the triangle inequality give, on the combined event,
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sup |hn(n) — g(8,)] < 2(1 + log(nmy)) A\, + Crp, +t, < s
neAy,

The event has probability at least 1 — O(n=3 +m,?).
We construct a feasible approximation to the true model. For a structural function f : [- K, K™ —
R™ with m > 1, divide every coordinate into R intervals of length i = 2K/ R and triangulate each
cell into simplices with successive vertices vy, v1 = Vg + hex), .- ., U = Um—1 + her(m). Let I f
interpolate the vertex values affinely. Its derivative column in direction e, ;) is (f(v;) — f(vj—1))/h,
of 1-norm at most L. Subdividing a segment at simplex boundaries and summing these derivative

bounds proves Lip(/;, f) < L;. With barycentric coordinates a;,

11 f(2) < a;llf(v;) = f(@)|| < Lymh.
7=0

Convex interpolation preserves the bound K for continuous outputs and preserves the simplex

for categorical propensities. Its nodal basis functions are translates and rescalings of

d(z) =max{0,min ({1 + 25, 1 —zx : k€ m]} U{l 4+ 2 — 2z, : k, 1 € [m]})}.

On each simplex of a nodal star this function is affine, equals one at the central vertex, and
equals zero at its other vertices. Hence I, f(z) = >, f(v)¢((x — v)/h). Compute each minimum
by a binary tree using min(a,b) = a — max{a — b,0}. Each term has width O(m?) and depth
O(1 + logm). Parallelizing O(R™) terms and summing their outputs gives the required fixed-
dimensional depth and width O(R™). Coordinatewise input clipping is a contraction and preserves
the Lipschitz bound. Taking R proportional to VV0 gives error O(W,, Y/ ™). A function withm = 0
is constant and represented exactly. For categorical functions take ¢ = I}, f; it is nonnegative and
normalized, and its normalized Lipschitz constant equals its original one. Thus these approximants
satisfy the categorical restrictions. Continuous output clipping preserves the error bound and cannot
increase the Lipschitz constant.

For each normalized latent support component measure i;, let ¢; : [0, 1]% — C; be its Lipschitz
chart. For ¢; > 0, Proposition B.2 applied to its pullback measure gives a curve +; : [0,1] —
[0,1]% of Holder exponent 1/g; with that pullback law. Theorem 2(b) of [52] applied to its
coordinates gives first-block uniform error O(Lii/ %) and, applied to the Lipschitz coordinates

of v);, gives second-block error O(L,, Z/ ). Parallelize coordinate networks and clip first-block

115



outputs to their input cubes. Their widths fit the specified budgets. Lemma E.1 bounds the resulting

—2/q
1,n

component Wasserstein error by O(L + Ly i/ ). For ¢; = 0, use the exact constant component.
Lemma E.2 bounds the hard-selected mixture error by the weighted component errors. Couple
positive-temperature and hard Gumbel weights, retaining identical independent bounded component

outputs v;. Then

D (X7 = XP)ui|| < OIX™ = XO||,

i

Lemma E.4 bounds the additional error by O(7,,(1 — log7,,)) for sufficiently large n. Output
truncation cannot increase the latent error because the true latents lie in [— K, K ]dg'] and truncation
contracts distance to every point of this cube. Choose the latent generators independently. Summing

their marginal errors and the structural errors gives a representation 7,, € A, satisfying

i=1

_ 2
a, = d(6*,6,,) <O (Woj;/d%ax + 3L 7, (1 - log Tn)> .

Choose the constant in ¢, so that Cya,, < €,. On the combined sampling event,

hn(nn) < g(enn) +8n < Cgan + 8, < €, + Sy = Q.

Thus the optimization is feasible. Since m,, = 2(n), the same event has probability at least

1 — O(n™?) and gives

W (PN, PM) < O(an), sup W (P2, P%) < O(ay,).

neAn

For every feasible representation 1, Lemma E.5 and the empirical constraint give

WP (V), PL (V) < S5, (PXT(V), P (V) + 2(1 + log(nmn))An < O(aw),

since the regularization term is included in s,, < «,. On the same sampling event, the triangle

inequality gives, for every feasible representation 7,

wy = W(PM(V), P™(V))
SW(PM(V), B (V) + W(P(V), PL(V) + W(P (V), P(V))
< O(ay).
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All feasible models have bounded continuous structural functions and normalized categorical
propensity functions with Lipschitz constant at most L ¢. The true model also belongs to the
corresponding bounded Lipschitz class. Apply Proposition 4.3 to the true model and each feasible
model, using their common unconfounded graph and the overlap assumption of the true model.

Write

bo(t) = Eae V(0] ~ Eagn V0], (1) = P2(0)

With the fixed constants Cyy, L, supplied by Proposition 4.3 at Lipschitz bound L , it gives

b2 2C
/ b, (t)*P(dt) < Twwn + 2L2w2 P([t1, 1))

t1
Absolute continuity and Cauchy—Schwarz therefore give

By B gon [V (£)] = Fi| = / b, (0 (1) P(dt)

t1

< ( /t :2 bn(t)QP(dt))l/Z ( /t jQ r(t)2p<dt))1/2

2Cyy 2 2
g AT Twn -+ 2LywnP([t1, tQ])

< Cya,.

For the last inequality, the growth assumptions imply «,, — 0, so «,, < 1 eventually and w% =

O(a?) = O(a,); all other factors are fixed. The bound is uniform over feasible representations.
Feasibility was established on the same event, so every feasible objective lies in [F, — C\/a,, F. +
C'\/ay,]. Taking its infimum proves |F,, — F.| < C/a,, whether or not the infimum is attained.

The event has probability at least 1 — O(n™?2). O

D Experiments

The structure equations of the generative models are (3.2). We use three-layer feed-forward neural
networks with width 128 for each ﬁ and six-layer neural networks with width 128 for each g;. We
use the Augmented Lagrangian Multiplier (ALM) method to solve the optimization problems as
in [3]. We run 600 epochs and use a batch size of 2048 in each epoch. m,, is set to be m,, = n.

The "geomloss" package [16] is used to calculate the Sinkhorn distance. To impose Lipschitz
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regularization, we use the technique from [23] to do layer-wise normalization to the weight matrices
with respect to infinity norm. The upper bound of the Lipschitz constant in each layer is set to be 8.
The 7 in the Gumbel-softmax layer is set to be 0.

For the choice of Wasserstein ball radius «,,, we use the subsampling technique from [11,
Section 3.4]. We can take the criterion function in [11] to be Q(0) = W (PM"(V'), PM’(V)) and
its empirical estimation to be Q,,(6) = W(PM (V), PM’(V)). In the first step, we minimize
the Wasserstein distance 6 = arg ming W (PM" (V'), PM’ (V). Then, [11] propose to refine the
radius Q,, (6% ) by taking the quantile of subsample {supy.q. @ <s0. @) @is(0)}, where Q;p denotes
the criterion function estimated at j-th subsample of size b. However, it is time-consuming to solve
this optimization problem many times. In practice, we set the radius «,, to be the 95% quantile of
{w(PM V), PM% (V)), where we use 50 subsamples PM j=1,--,50 from PMn(V) with
size b = |15y/n].

D.1 Counterexample

We test our neural causal method on the counterexample in Section C.1. We choose the noise U, to

be the normal variable. The structure equations are

P(Uy = 1) =3/5,P(U; = 0) = 2/5,P(Uy = 1) = 1/3, P(U, = 0) = 2/3,

1 wp.1/2,
¥ p- 1/
0 ,W.p. 1/2,
1/2 oz =-1,
P(T=1|X =2) =
5/8 Lx=0,

T+U, ,X=-1,
Y =¢U,+U, ,X=0,T=1,
U2+Uy ,X:O,T:O,
We compare the confidence intervals of the unregularized neural casual method and the Lipschitz
regularized one under different architectures. We choose the layerwise Lispchitz constants upper

bound to be 5 and 1.2. As a benchmark, we also include the bound obtained by the Double Machine

Learning estimator using the EconML package. The result is shown in Section D.1. For this
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identifiable case example, the double ML estimator produces better bounds for the ATE. The
intervals given by regularized and unregularized NCM are similar to the regularized one slightly
better in the left figure, where we use medium-sized NNs. However, in the right figure, the obtained
intervals after regularization are tighter, although slightly biased, compared with the regularized
setting. From these two experiments, we conclude that the architecture of NNs will also influence
the results and adding regularization during the training process can prevent extreme confidence

intervals or inconsistency.

Counterexample Counterexample
T —— True ATE
1.50
154 —&~ Unegularized NCM —— True ATE
- T Regularized NCM Lip-5 ——&— Unegularized NCM
—%- Double ML 1254 Regularized NCM Lip-1.2
—&— Double ML
10+ 1.00 4
T s 0.75
051 0.50
J~ 0.25
0.0
- 0.00
1 1 1 1
1 _ 1 4
o5 | -0.25

500 1000 2000 5000 s00 1000 2000 5000
Sample Size Sample Size

Figure 11: Comparison of Lipschitz regularized and unregularized neural causal algorithm. The
two figures show the results of different architectures. The figure on the left side uses a medium-
sized NN (width 128, depth 3) to approximate each structural function, while the right figure uses
extremely small NNs (width 3, depth 1). In all experiments, we use the projected gradient to
regularize the weight of the neural network. For each sample size, we repeat the experiment 5 times

and take the average of the upper (lower) bound.

E Technical Lemmas

Lemma E.1. Let ju, [i be two measures on compact set K C R%, for any measurable functions
F.F : K — R®%, if F is L-Lipschitz continuous, then

W (Fyp, i) < LW (1, ) + do| F — F|.

Remark. The measures . and /1 are probability measures. The uniform infinity normis || F' — F lloo =

SUP e MaXjelas] | Fj () — Fj(w)]-
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Proof. For any 1-Lipschitz function g : R% — R,

Exiryulg(X)] = By, 1[9(X)] = Exoylg o F(X)] — Exglg o F(X)
= (Ex~ulg 0 F(X)] ~ Exozlg o F(X))

+ (Ex~alg o F(X)] — Ex-alg o F(X))]).

Note that for any z,y € K,
lgo F(z) —go F(y)| <|[F(z) = F(y)l < Lllz —y|.
Thus g o F'is L-Lipschitz continuous and
Exulg o F(X)] = Exnplg o F(X)] < LW (1, 1)
For the second term,

Exwalg o F(X)] = Ex~alg o F(X)] < Exealg(F(X)) = g(F(X))|
< Exaal F(X) = F(X)|

< sup |[F(x) = F(x)]|
rzeK

< do||F = oo

(E.1)

(E.2)

The last inequality follows by summing the d5 coordinatewise bounds. If the uniform error is infinite,

the asserted bound holds in the extended nonnegative reals. Combining (E.1) and (E.2) bounds the

difference of expectations by LW (11, 7i) + do||F — F||s for every scalar 1-Lipschitz function g.

Taking the supremum over these functions gives the asserted bound for W (Fl.p, ﬁ#ﬁ)

]

Lemma E.2. Let jiy, -+, fin, i1, * , [in be measure on RY, for any p1,--- ,p, € [0, 1] such that

> r_1Px =1, we have

w (Zpk,uka ZPkﬁk) <D oW (s Fin)-
k=1 k=1 k=1

Additional condition. For every k € [n], [q ||z pr(dz) + [ga [z fir(dz) < oc.

Remark. For every k € [n], ju and Jiy, are probability measures on R<.

Remark (notation). 1, denotes the locally specified measure, with n serving either as a component

index or as the empirical sample size. In Lemma E.2: 1, is the component measure with index n
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in the mixture, among measures y, on R? for & € [n]. In Lemma E.3: p,, is the final component
measure in the product 1 = piy ® -+ ® p,,. In Lemma E.6: p1,, = n=1 > | J, is the empirical

distribution of the sample with law 1, on R? .

Proof. For any 1-Lipschitz function f : R? — R, we have

EXNZZ:1 Difk [f<X)] - EXNZZ:1 Prfik [f(X)] = Zpk(Eka#k [f(Xk)] - EXkNﬁk [f(Xk)D

k=1
n

< ZPkW(Mkﬁk)-

k=1
By dual formulation of Wasserstein-1 distance,

w (Zmuk,Zmuk> = sup  Exoyr o [f(X)] = Exosy g [f(X)]
k=1 k=1

f 1-Lipschitz

n
< ZPkW(Mk,ﬁk)~
=1

]

Lemma E.3. Given two measures | = i1 ® -+ @ [in, L = i1 @ - -+ @ [i,, Wwhere every factor i,

and [iy, is a probability measure, we have

3

Wi, 1) < ) W p, Fie).
k=1

Remark. W is Wasserstein-1 distance for the ground distance ||z — y||. Sx(u,v) = Wi (u,v) —
Wia(p, ) = sWin(v,v).

Proof. If n = 0, both empty products are the probability measure on the one-point space and
both sides are zero. Suppose n > 1. If any W (ug, 11x) = oo, the inequality holds in the extended
nonnegative reals. Otherwise, for any € > 0 and every k € [n], choose a probability coupling 7, of

i and i such that
]E(Xkayk)"’ﬂ'k[HXk - YkHl] < W(:U’kaﬁk) te€

Such a coupling exists by the definition of the finite infimum defining . Under the product
probability law m ® - -+ @ m,, put X = (X1,...,X,,) and Y = (Y7,...,Y,). The marginal laws

of X and Y are respectively i and i, because the coordinate pairs are independent and have the
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prescribed marginal laws. Thus this construction is a coupling of the product measures. The product

1-norm is the sum of the coordinate 1-norms, so
Wi, 1) < Eryom, [| X = Y]

= Ex vy [1X5 — Yalli]
k=1

<Y Wi, fix) + ne.
k=1

Letting € | O proves the result. 0

Lemma E.4 (Approximation error of Gumbel-Softmax layer). Given1 > 7 > Oand py,--- ,p, > 0,
let uy# ~ X" = (X7, -, X7) be

_ exp((log pi + Gi)/7)
S exp((log i+ Gi) /7

where Gy, ~ exp(—x — exp(—=z)) are i.i.d. standard Gumbel variables. Let ;1° be the distribution
of X° =lim, ,0 X7 = (X?,---, X?). Then,

Xk (E.3)

W (1, 1) <2(n—1)7 = 2n(n — 1)e 't logT.

Remark. The gap eventis E5 = {31 < i < j < n:|G; +logp; — G; —logp;| < 4}, and its
union bound counts each unordered pair once. In the displayed softmax formula, X; means X/,
" = P(X7),and X° = lim, o X™ almost surely with the same i.i.d. standard Gumbel variables
Gy, ...,G, used for every 7.

Remark (notation). X7 uses positive weights py, . . ., p,, which need not sum to one, and 0 < 7 < 1,
with coordinates indexed by k € [n]; all coordinates are positive and sum to one. In Theorem 3.6,
the result split from Theorem 3.6: In the mixing construction, n = N¢ and p; = P(C;) > 0 for
i € [Ng]; X7 is the vector of Gumbel-softmax weights assigned to these support components.
XY =1lim, g X™ = e; almost surely, where I = arg maxe[, (log py + GJ), using the same Gumbel
draws throughout the limit; ties may be assigned to the first maximizing coordinate. In Theorem 3.6,
the result split from Theorem 3.6: In the mixing construction, n = N¢ and p; = P(C;) > 0 for
i € [N¢|; X© is the one-hot limit of these component weights, with P(X° = ¢;) = P(C;). p° is the
law of the one-hot vector X", supported on the vertices of A,,, with u°({ex}) = pr/ >, p; for
k € [n].
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Proof. Without loss of generality, we may assume that ) ,_, p, = 1. Otherwise, we can divide the
denominator and numerator in (E.3) by > ', pp. Let A, = {(@1,- -+ ,2,) 0 > oz = 1} We
construct a transportation map 7" : A,, — A,, as follows. T'(zy, - - ,x,) is a n-dimensional vector
with all zeros except that the ¢+ = arg max; z;-th entry being one. If there are multiple coordinates
that is maximum, we choose the first coordinate and let the remaining coordinate be zero. It is easy
to verify that Tl ™ and 1.° have the same distribution [36]. For any § > 0, we have

y+log pk2 +5

P(IGa, + 10g pe, — (G, + log pu,)| < 6) = / / exp(—2 — y — exp(—y) — exp(—a))dady

y+log sz -6

< 2561/ exp(—y — exp(—y))dy = 20,

where we have used exp(—z — exp(—z)) < exp(—1). Letevent E5 = {Ji,j € [n] : |G; + logp; —
(Gj +logp;)| < d}, we have

P(E;) < ZPUGz‘ +log pi — (G + logp;)| < 0)
1#]
<on(n —1)e!

Now, we calculate the transportation cost
Exropr [T (X7) = X7[1] < P(Es)Exrapr [|T(X7) = XT[1[Es] + P (E5) Exropr [|T(X7) — X7 |1| E5] -
Note that |7 (X7) — X7||; < 2. For the first term, we have

P(E5)Exro,r [T (X7) — X7||1|Es) < 26n(n — 1)e™!

For the second term, under event E¥, let k. = arg max; X;, if j = kmax = argmax;(log py + Gy)

exp((logp; + G;)/7) ‘ ‘ >z exp((log pi + Gy)/7) ’
> i1 exp((log py + Gx)/7) > h—1 exp((log py + G)/T)
’Zk# exp((log pi + G)/7) ’
exp((log p; + G;)/7)
= ZGXP ((log pr. + G — (logp; + G;))/7)
k#j
< (n—)esp(~3/7)

If j # kax, We have

exp((logp; + G;)/7)
>orei exp((log i, + Gi)/7)

< exp((log P + Gj (1ngmax + Gmax))/T) eXp( 5/7—)
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Therefore,
Exemer [IT(X7) = X7|1] ) < 2(n — 1) exp(—5/7).
We get an upper bound of the transportation cost,
W (47, 1) < Exrmye [IT (X7) = X7] < 200(n — 1)e™ + 2(n — 1) exp(—3/7).
Let§ = —7log T, we get
W (1", 1) <2(n— 1)1 — 2n(n — 1)e 't logT.
[

Lemma E.5 (Approximation Error of Sinkhorn distance). Forany i € A, v € A,,, and X > 0,
let ;v and v be the weights of finite probability measures on points x1,...,Ty, and yi, ..., Yy ina

common Euclidean space with the paper’s 1-norm. Put ¢;; = ||z; — y;|| and

M(p,v) = {T € [0, 00)™ : ZT“ = W, ZTU = VJ}, =1 _ZTZJ log T3,
j i

with 0log 0 = 0. Here the entropy regularized Wasserstein-1 distance is

Wia(wv) = min {Zcm i~ )},
and W (p, v) = mingen(up) 2 _; ; Cij1ij- Then
—(log(mn) + DA < Wy x(u,v) — W(n,v) <0.
Moreover, we have the following estimation of approximation error.
1S3 (. v) = Wp, v)| < 2(log(mn) + 1)A.

Remark. The self terms in S (1, v) = Wi (p, v) — sWia(p, 1) — s Wi A (v, v) use the same 1-norm

ground distance on the corresponding support points.
Remark (notation). W , uses the supplied finite support points, the paper’s 1-norm ground cost,
and the entropy subtraction —AR(T') with h(T) =1 — >, . T;;log Ti; and 0 log 0 = 0.
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Proof. The transportation polytope is nonempty and compact, and both objectives are continuous
under 0log 0 = 0, so their minima exist. Let 7 minimize the unregularized transport cost and let

T\ minimize the regularized objective. Since h(T") > 0 for every probability plan,

Win(uv) <Y Ty = A(T*) < W (g, v).
.3
Also >, s ¢ij(Ty)i; = W, v). It follows that
—A max A(T) < Wi(u,v) —W(u,v) <O0. (E.4)

Tell(p,v)

Since T}; € [0,1] and f(z) = —xlogx is concave, we have

1 n,m
h(T) =— - — T::logT;; + 1.
(T) nm nmz jlogThj +

1,j=1
S —nm - _— ii O —_— ii
nm 2 9| OB G 2t
i,7=1 i,7=1
=1+ log(nm).

By definition of Sinkhorn distance,

S, v) = Win(p, v) = Win(p, p) /2 = Win(v,v) /2.
Leta = Wi (p,v) —W(u,v), b= Wi (u, 1), and ¢ = Wy \(v, v). The self-transport Wasserstein
costs are zero. By (E.4) and the entropy calculation,

la| < (1 +log(nm))A, [b] < (1+2logn)\, |c] < (14 2logm)A.

Consequently

13, v) = W, V)| = la = b/2 = ¢/2]
< lal +[61/2 +[e]/2
< 2(1 + log(nm))A.
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Lemma E.6. Given a probability measure 11 on R* and a class F of measurable functions f
R? — RY, suppose that each scalar coordinate class F; = {x + f;(x) : f € F}, j € [d], has
pseudo-dimension less than dx < oo and there exists K > 0 such that || f(x)|| < K forall f € F
and x € RY. Suppose in addition that there are a standard Borel space T and a jointly Borel map
G:T xR — [-K, K| such that F = {G(t,-) : t € T}. There are positive constants C,c
depending only on d, K such that, with probability at least

1—exp (C((1+6 ") log(2+67") +drlog(2+ e ') — cne?),

sup W (fyp, fupn) <O +e
feF
for all 0,¢ > 0, where L, is the empirical distribution of .

Remark. A network in NNy, 1, (W, L) has L hidden layers, each of width at most W, followed
by the affine output layer (width at most W' and exactly W give the same class of functions: a
narrower layer is padded with zero units). The covering number N (e, S, || - ||1) is that of the cited
source (Anthony and Bartlett): the least size of a subset C' C S such that every point of S lies at
¢, distance strictly less than e from some point of C'. The probability bound is for each fixed pair
0, € > (. Probabilities of uniform deviation events are evaluated in the completion of the sample
law. The boundedness condition means || f(z)||oc < K forevery f € F and x € R?.

Remark (notation). dx < o0 is a strict upper bound on the pseudo-dimensions of the scalar function
classes specified in its local use. In Lemma E.6: For every j € [d], F; = {x — f;(z) : f € F}

satisfies Pdim(F;) < dz; the bound applies separately to each coordinate class.

Proof. The empty class satisfies the uniform assertion vacuously, so assume 7" # @. Let X1, ..., X,

be independent observations with law p. By the dual formulation of Wasserstein distance,

sup W ( fups, fatn) =supsup (Ex,, h(f(X)) — Ex<,h(f(X))),
fer heH feF

where

H={h:[-K K" R:h(0) =0, [a(z) = hy)| < [lz —yll}-
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Every such h takes values in [—d K, dK]. Retain the unnormalized empirical covering number
Nl(T,F,N) = Ssup N(Ta{(f<x1)7 s 7f(xN)) : f S f}a ” H1> )

where the 1-norm on the evaluation vector sums over all sample points and output coordinates.
With the uniform norm, H is closed, uniformly bounded and equicontinuous on the compact
cube, hence is a compact metric space by Arzela—Ascoli. Evaluation (h, y) — h(y) is continuous:
its increment is bounded by ||h — /||o + ||y — ¥/||. Consequently (¢, h, x) — h(G(t, z)) is jointly
Borel on T x H x R?. Its bounded population integral is Borel in (¢, h): this holds for indicators
of measurable rectangles, is preserved by bounded monotone limits and linear combinations, and
extends to bounded Borel functions by the monotone class theorem. Every strict deviation event
is the projection of a Borel set from this standard Borel parameter space and is therefore analytic
and universally measurable; weak supremum events are countable intersections of strict ones. The
same reasoning applies to two samples and finite coordinate swaps. All probabilities below are thus

defined in the completion of the sample law. Obviously, if & is 1-Lipschitz,
N1(€7 ho fa n) < Nl(ev*F?n)'

Put v = |dx]. Each coordinate class has pseudo-dimension at most v. Normalize its range by
fi = (f; + K)/(2K). Applying Theorem 18.4 of [2] in its averaged empirical metric, and then

undoing the normalization, bounds a scalar unnormalized cover of radius r/(2d) on N points by

8eKdN\"
. .

e(v+1) (2+

The additional 2 allows radii beyond the normalized unit range. Take the product of these d
covers. For every product ball meeting the evaluation vectors of F, choose one such vector as its
center. Two vectors in that product ball differ by at most r/d in each scalar unnormalized metric,

hence by at most r in the summed vector metric. Thus

Ni(r, F,N) < {e(v +1) (2 + 86[54”)1 B

This exhibits both sample-size and range scaling.
Fix h € H, and define



Both functions take values in [0, 1]. On N points, the inequality |\/a — v/b| < \/]a — b| and the

Cauchy—Schwarz inequality give

N N 1/2
%; |2 (25) — 24(2)| < <2dfl(N ; £ (2) — g(xi)”) ‘

Consequently an unnormalized vector cover of radius 2d K Nr? gives an averaged scalar cover

of the class {zf : f € F} of radius r, whose cardinality is at most

[e(v +1)(2+ 4e/r2)”]d

By Theorem 17.1 in [2], with its standing measurability condition, let X and 7{ be standard
Borel spaces, let g : Tp x X — [0, 1] be jointly Borel, and put G = {g(t,-) : t € Ty} # @. For

every Borel probability distribution P on X x [0, 1], every 0 < ¢ < 1 and every positive integer m,

m 1 .
P {somet € Ty has |Eg)~p(9(t, ) T Z: 9(t, i)

C} < ANT(C/16, G, 2m) exp(—¢™n

Here the draws are independent, the probability is taken in the completed sample law, and N7™®

uses the averaged empirical metric. For the present class, (¢, z) — +/(h(G(t,z)) + dK)/(2dK)
is jointly Borel, since & is continuous and the square root is continuous on [0, 1]. Its parameter
space is the same standard Borel space 7, and its constant-response input law is 1 ® dg. Apply
this form of Theorem 17.1 to the class with response identically zero. Its squared loss is zj% = ay.
For 0 < € < 2dK, putn = ¢/(2dK) and use the averaged cover at radius 77/16 on 2n points. The

theorem gives

P (sup |(ttn — p)(ho f)| > e) <4dle(v+1)(2+ 10246/772)”}61exp(—nn2/32).
fer

Since v < dz and log(v + 1) < v, the logarithm of the right-hand side is bounded by Cj +
Cidrlog(2 + €71) — c1ne?, with constants depending only on d, K. If ¢ > 2d K, the deviation is
deterministically at most 2d/, and the desired deviation bound is immediate. Let Hs be a finite

d/2-net of H in the uniform norm. Such a net has

log |Hs| < Co(1 + 57‘1) log(2 +671),
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where C, depends only on d, K. To see this, take a grid in [— K, K]¢ with 1-norm mesh at most
§/8 and at most (1 + C3/6)¢ points. Quantize the values of 4 at these points into bins of width at
most §/8 in [—dK, dK]. There are at most 2 + C4/0 bins at each point. Choose one member of H
from each nonempty quantization pattern. Two functions with the same pattern differ by at most /8
at grid points and by at most 30 /8 everywhere, using their Lipschitz bounds and a nearest grid point.
These representatives form the required net. Counting patterns gives the displayed entropy bound.
Apply the fixed-h concentration bound to every i € H;s and take a union bound. For 0 < € < 2dK,

after enlarging a constant depending only on d, K,

P <h su;; (tn, — p)(ho f) > e) <exp (C((1+6NNog2+6") +drlog(2+€")) — cne®).
EHs,fEF

For every h € H, choose h € H; with ||h — h|jec < 6/2. Since p, and  are probability

measures,

(ko = ) ((h = h) o f)| < 0.

Therefore

sup (i — p)(ho f) <0+ sup  (pn — p)(ho f).
heH,feF heHs,feF

The dual formula yields the stated Wasserstein bound. If € > 2d K, both push-forward measures
are supported in a set of 1-norm diameter 2d K, so their Wasserstein distance is at most 2dK < 0 +e¢

deterministically. This completes the proof for all positive d, €. [

By Theorem 18.4 in [2], if G is a nonempty class of functions from a set X into [0, 1] with finite

pseudo-dimension v, then for every 0 < e < 1 and every positive integer m,

NT8(e,G,m) < M{"®(e,G,m) < e(v+1) (§> 7

€

where V78 (e, G, m) and M{*®(e, G, m) are the largest, over z1, . .., x,, € X, covering and packing
numbers of {(g(x1),...,9(zn)) : g € G} in the averaged metric d; (u, w) = = > u; — wy.
This is Theorem 18.4 in [2].
The cited assertion used in Lemma E.6 is the following restricted form of Theorem 17.1

in [2], with its standing measurability condition. Let X and 7" be standard Borel spaces, let
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g: T x X — |0, 1] be jointly Borel, and put G = {g(t,-) : t € T'} # &. For every Borel probability

26}

Here the sample consists of independent draws from P, the probability is taken in its completion,

distribution P on X x [0, 1], every 0 < € < 1 and every positive integer m,

m

Eeyer(9(t,2) — )2 — — 3 (g(t, 21) — )?

m £
=1

Pm {some t € T has

< ANYE(e/16,G, 2m) exp(—e*m/32).

and N7"8(r, G, N) is the supremum over z1, ..., zy € X of the covering number of the evaluation
vectors in the metric N~ }". |u; — v;|. This structural domain supplies the standing measurability
condition: the loss is bounded and jointly Borel, and its integral against P is Borel in ¢. The
latter assertion holds for indicators of measurable rectangles, is preserved by bounded monotone
limits and linear combinations, and hence holds for bounded Borel functions by the monotone class
theorem. Each bad event is a projection of a Borel subset of 7" x (X x [0, 1])™, so it is analytic
and universally measurable. Replacing the sample by two independent samples or applying any
of the finitely many coordinate swaps gives Borel functions on finite products and therefore the
same measurability conclusion. Thus the sample and ghost-sample events used by Theorem 17.1
are measurable in the completed sample laws, and that theorem gives the displayed inequality.

e N (e A(f(@1), ., f(n)) « £ € FLI - ), where

the points range over the domain of F and the norm is the printed /; norm without a factor 1/n.

Remark (notation). Ny(e, F,n) = sup,,
In a result cited in the proof of Lemma E.6: N7"8(e, G, m) is the supremum over 1, ..., T, € X
of the covering numbers of {(g(x1),...,9(xy)) 1 g € G} indy(u,w) = m™1 37" Ju; — w;l, for
€ > 0 and positive integers m. This averaged covering number is distinct from the covering number
defined with the unnormalized ¢; norm. In a result cited in the proof of Lemma E.6: N7"8(r, G, N)
is the supremum over z1, ..., zy € X of the covering number of {(g(z1),...,g9(zn)) : g € G}
in d;(u,w) = N! Zfil |u; — w;|. The probability bound uses = ¢/16 and N = 2m. This
averaged covering number is distinct from the covering number defined with the unnormalized
¢1 norm. Hs C H is a finite §/2-net in the uniform norm of # = {h : [ K, K| — R : h(0) =
0, [A(z) = h(y)] < llz = ylI}, for & > 0.
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